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Quantum tunneling
0 One of the fundamental problems in physICS A. 8. Balantekin and N. Takigawa, RMP 70, 77 (1998)

v" Alpha decay v" Proton radioactivity v" Nuclear chirality
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Theoretical methods for nuclear fission

® Liquid drop model 7. r Nix, Nucl. Phys. A 130, 241 (1969)

® Semi-empirical approaches k-H schmidt et al, Nucl. Data Sheets 131, 107 (2016)

@® Stochastic approaches

- - T. Ichikawa et al, J. Nucl. Radiochem. Sci. 3 67 (2002)
v’ Langevin equation ' 4o o chiba, Phys. Rev. C 88, 044614 (2013)

v Brownian shape-motion model J. Randrup, P. Méller, Phys. Rev. Lett. 106, 132503 (2011)
P. Méller and C. Schmitt, Eur. Phys. J. A 53, 7 (2017)

® Macroscopic—microscopic approach
M. Brack et al, Rev. Mod. Phys. 44 (2), 320 (1972); P. Jachimowicz et al, At. Data Nucl. Data Tables 138,101393 (2021)

® Microscopic self-consistent approaches

v Time-dependent generator coordinate method (TDGCM)
H. Goutte et al, Phys. Rev. C 71,024316 (2005); M. Verriere, D. Regnier, Front. Phys. 8, 233 (2020)

v Time-dependent density functional theory (TDDFT)
C. Simenel and A. S. Umar, Phys. Rev. C 89, 031601 (2014); M. Pancic et al, Front. Phys. 8, 351 (2020)



Comparison among methods

O Approximate computational cost
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— Benchmarking theoretical methods to exactly solvable models.
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Two-well model

® System Hamiltonian of two distinguishable particles in two potential wells
H(1,2) = ho(1) 4+ ho(2) + 9(1,2)

® Eigenstates of the single-particle Hamiltonian V(x)
1 A
+)= —= (L)X IR
| %) ﬁ(l ) X |R))
® Single-particle Hamiltonian
d
~ a1 —1
= a|-N—| = = 4
ho=al-X-1=2(2, )

® Two-body Interaction
v(1,2) = p(ILLWLL| + |RR)RR|)

® |nitial state: |LL)
P. McGlynn and C. Simenel, Phys. Rev. C, 102, 064614 (2020)



Exact solution

® In the basis {|LL), |LR), |RL), |RR)}, the Hamiltonian is
a+u —a/2 —af2 0

g— —a/2 a 0 —a/2
| —a/2 0 a —a/2
0 —a/2 —a/2 a+u

@® State of the system at time ¢t
¥ (t)) = exp(—iHt)|LL)

® [ eft-well number operator and its expectation value — tunneling

(N)) =1+ Bz;ﬁ”cos (ﬁzﬂt)
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Real-time mean-field approach

® Hartree approximation: H(1,2) =~ hy (1) + hy(2)
hiy () = ho (@) + (;19(1,2)1y))
YO = LOW +ROIR)  — i bp(©) = FaOp(©)
® Real-time mean-field equations of collective coordinates

0 = arcsin(|L|? — |R|?), ¢ = arg(R/L)

6 = —sin ¢ ¢ =tanf cos¢p + usinb
® Average number of particles in the left well

(N.) =2|L|? =1+ sin0 (t)



Self-trapping effect

® The total Hartree energy is conserved

E = 1—C059C05§b+g[1+sin29] — dE/dt =0

E(O=+1/2,¢)=1+u=E6 =0,¢) = 1+g—cos¢

® For |u| > 2, self-trapping effect 0CCurs p. McGlynn and ¢. Simenel, Phys. Rev. ¢, 102, 064614 (2020)
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Time-dependent generator coordinate method

® The generated state with generator coordinate 6

LIGIEDIIOVICE
[¥(6)) = |1/J1(3)>®|1/J2(9)>

1+ sin@ cos 6 cos 6 1 —siné
= > LL) + — ILR) + — |RL) + >

® The time-dependent Griffin—Hill-Wheeler (GHW) equation

|RR)

z <}[(0 0) — ik (6", 6) >g(9 £) =0

0
® The expectation value of the left-well number operator

(NL) =

[(1+51n 9)(1+51n 9') n cos 6 cos 6 ] *(9, t)g(g " t)
6,0’ 2 .



Generator coordinates 6 and ¢

® The generated state with generator coordinates 6, ¢

LOIEDWNECEONICEN

1—-sin 6
2

cos 6
2

1+sin 6 cos 6

2 ILLY + =2

W6, p)) = e!® |LR) + e!®|RL) + e?'?|RR)

® The expectation value

(1+sin 8)(1+sin 8’) = cos @ cos 6’

> ~+ > ei(¢’_¢)] g*(g’ ¢, t)g(@’, gb’, t)

W)= 3 |
6,¢;9,,¢,

¢ = 0 reduce to the case that only 8 Is used as generate coordinates.



TDGCM with (91, 62, 63, e Hn)

,Ll — O —— TDGCM — — - Exact solution —-—- Real-time mean-field
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v' 6, = /2 for initial condition
v’ n > 3 is needed
v" Independent of the chosen 6

v" No spurious self-trapping effect
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TDGCM with (61, 02) and (01, 92; ¢1; ¢2)

2.0
1.5¢
A_I
= 1.0
V L
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v 0, = m/2, results are 6,-dependent
v" no tunneling
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Expectation values of generator coordinate 6

0 = arcsin(|L]|* — |R]|?), ¢ = arg(R/L)

1) Inversion method with mean-field approximation
(9) = arcsin((N,(t)) — 1)
(NL) = (PN, D) = 2|, (D] + [eLr(DI? + [cpu(®D)?
() = arcsin(|cpL(D)]* — [crr (D)%)
(2) Density matrix method
p = [PENP()]
(NlL) = trace(pN;y) (NlR) = trace(pN;R)

(0) = arcsin((ﬁlL) - <N1R>) = arcsin(|cp,(D)]* — [crr(D)]%)



Expectation values of generator coordinate 6

(3 Reduced density matrix method

p(1) =(LzlplL;y) + (R3|p|R>)
(6) = arcsin(p(1) 11— p(1) 22) = arcsin(|cp, (V) |* — [crr(D)]%)

— (1)@ (@) yield identical outcomes.

(4) Probability-based weighted average

%:, N (60" )u(0") = nug(0)
k) = v%k% w (8) [¥(0)) (ny # 0) 19(8)|? = Ik’%ﬂtogkuk(ﬁ)l2

(@) = X gklk) (0) =2 0lg(6)I?
6

Kknr#0



Expectation values of generator coordinate 6

(5) Overlap-based weighted average
(P(O)|P(D) = Bz Ik o= Br (8N (P (O)¥(61)

(0)= ), BIP@)PO)P

© Eigenvalue-based weighted average

(0) = z 9°(6,0)9(8", (W ()|8]W(8") = z 0'g*(8,0)g (8", N (6:6")

0,0’ 0,0’

(7) Real-time mean-field approach
6 = —sing
¢ = tan B cos ¢ + usin b



Expectation values of generator coordinate 6

Reduced density matrix — - — - Real-time mean-field — O 1
----- Probability-based —--=-- Overlap-based -------Eigenvalue-based ‘Ll )

v" Density-matrix-based approaches
are most robust

v Weighted-average methods
Introduce method-dependent
biases

<0>
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Expectation values of generator coordinate ¢

@) Inversion method with mean-field approximation
(¢p) = —arcsin(6)
(2) Reduced density matrix method

(¢) = arg(R/L) = arg(p(1) 22/p(1) 12)

(3 Real-time mean-field approach

6 =—sing , ¢ =tanBcos¢ + pusinb

With ¢ = 0, all weighted-average methods yield (¢) = 0.



Expectation values of generator coordinate ¢

— — Inversion method

M — O —— Reduced density matrix I,[ — O . 1

2t . s — - —Real-time mean-field

v" Extracting phase information from a many-body state remains nontrivial
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A dream for new-generation DFT

quantum-field-theory '”te'zldift‘fip')irgéﬁ
. attice
oriented DFT EDF from o
effective action cold atom
We proposed the idea of Fiklp]l ~ Tlplip condensed matter
Functional RG + (Legendre transform) quantum chemistry
Kohn-Sham scheme -~
(KS-FRG) non-perturbative :
HZL, Niu, Hatsuda, nature by theoretical
PLB 779, 436 (2018) L uncertainties
renormalization from EFT
group rom
@ 16 1@
oL Ipl = Tr{...} PO, T
(flow eq.) (power counting) http://www.unedf.org/

also cf.

Schwenk & Polonyi, arXiv:0403011 [nucl-th]
Kutzelnigg, JMS 768, 163 (2006)

Drut, Furnstahl, Platter, PPNP 64, 120 (2010)
Braun, JPG 39, 033001 (2012)

Metzner et al.,, RMP 84, 299 (2012)

@ INPC2016. Australia Drews & Weise, PPNP 93, 69 (2017)




DFT with functional-renormalization-group approach

O DF defined as functional Legendre transformation r. Fukuda et al., Prog. Theo. Phys. 92, 4 (1994)

( )
W] =InZ[J] = In f DI D[] exp | —S[p*, Y] + j oo
\ J
[lp] = sup j Jp—W] p Tale]
/ [[p] A = 1: full interaction
Elp] = lim Ll
B-oo f3

O Flow equation of effective action flow

A = 0: no Interaction
>

Effective action flow with A
A. Schwenk and J. Polonyi, arXiv:0403011 93

Lt [p] = Duolo] + f dA 0,0 [p]




Status of FRG-DFT

v" Conceptual advent 7. polonyi and K. Sailer, PRB (2002), PRD (2005): A. Schwenk and J. Polonyi, arXiv (2004)

v Toy model studies

J. Braun, JPG (2012); S. Kemler and J. Braun, JPG (2013); J.F. Rentrop+, JPA (2015)

S. Kemler, M. Pospiech, and J. Braun, JPG (2017); T. Yokota, K. Yoshida, and T. Kunihiro, PRC (2019)

v' Combination with Kohn-Sham scheme

v" Application to electronic systems
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—0.06 ff o] DMC [Ceperley, Alder 1980] .
007k + DMC [Zong, Lin, Ceperley 2002] |

' DMC [Spink, Needs, Drummond 2013]
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H. Liang, Y. Niu, and T. Hatsuda, PLB (2018)

T. Yokota and T. Naito, PRB (2019), PRR (2021), PRB (2022)

T. Yokota, H. Kasuya, K. Yoshida et al., PTEP (2021)
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Open questions of FRG-DFT

1 B
0,15 pl = Ef drj dx dx' V(x,x")
0

<o 200 ) — 56— xp(0 + (1710]) @)

How to derive the self-interaction correction term in flow equations naturally?

How to truncate the hierarchy of flow equations efficiently?

How to evaluate the performance at ?

— Benchmarking FRG-DFT to exactly solvable models.
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Single-site Bose-Hubbard model

)

H,=% a*ta*aa

N | Q

® Easy model with exact solution accessible in the Hamiltonian approach

Z(u, T) = Tr e FHo—1N) = S BlIN = 1) =N
= Te A0 = (- I~ 1 - i)

— Free energy, chemical potential, particle number fluctuations, correlation functions, ...

® Subtleties emerge in coherent-state path integrals L. Salasnich and C. Vianello, arXiv:2511.11547

oo

Z(u,T) = z exp {—,8 [%Nz — uN” (incorrect)

N=0

— Benchmarking FRG-DFT in the single-site Bose-Hubbard (SSBH) model



Exact flow equations of effective action

® Hamiltonian A involving bosonic creation and annihilation operators
Ty 2~ N 1 !/ N\ N N\ ™\ ~
A= [ dx 9" @ho (9@ +75 [ dx dx V)9 09 @O0

® Exact flow equations identifies self-interaction correction (SIC) term

0,I1ave[p] = % foﬁ dr [ dx dx' V(x,x")
x [p(t, 0)p(t,x") + T2 [pD) ! (7, %7, x)]

0,0 p] = %foﬁ dr [ dx dx' V(x,x")
x [p(z, ©)p(r,x') — 6(x — x)p(r, %) + T [ (7, %7, X))

. ﬁ _1
For SSBH: | 5 SIC[n] = % j dt {N(r)2 — N(7) + [Ff IC(Z)] (T, T)}
0

27



Truncation scheme

_ g g, 911 g
0By =ZNy —Z+Z— — Optiy = gNo — =
1L > 0 2+2NO,B g) AU 9iNo 2

~ ~oN2 g1 . g 1 1/ .2
3.0® = _ (@Y _9trw 9 1 Liae
A2 g(ﬂ) 2,3/‘1-"25(2),3(/1)

(1) Scheme I: Minimal closure
~(3) _ 74 _
;Y =6"=0
(@) Scheme Il: Frozen closure

5(3) _ a3, F@ _ @
G)l _G)l=0’ G)l _G)l=0

(3 Scheme IlI: Effective occupation closure

5,1(3) = 5,1(i)0 (Neten); 5,1(4) = 5,1(i)o (Nefr )



Solution with Scheme I: Minimal closure

_ g g g11
0,Ep =ZNy — = +Z2— =
AFAT 270 2 T 2N, B
2.4 1 ] | || J
Scheme=l| e
7
1.8 | ’
1.2 +
A >
w0 3
0.6
/7
o Exact
0.0F — == Naive |
— S|C
—-0.6

0.0 02 04 06 08 1.0
A

~(2)

daupy = gNg —

T/g=1.0,N=5.0

0.0 02 04 06 08 1.0
A

v' The self-interaction correction term is necessary.
v The simplest truncation scheme has already good performance.

2

6,16/1(2) - g (6}2))2

32
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Solution with Scheme I: Minimal closure

3 I I
SIC, Scheme=|

-6 FRG-DFT
—— T/g=0.5

: -==- T/lg=1.0

S e T/g=2.0
_glLx . : .
0 1 2 5 6

v Minimal closure works surprisingly good for energy.

1.2

0.8

0.0

-0.4

T/g=0.5

T/g=1.0
T/g=2.0

v Two-density correlation function requires more information as input.
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Solution with Scheme II: Frozen closure

_ g g g11 .
0,Eh ==—Ny——+—-—=0_G d = gN, —
L2 5 0 5 ~+ 2N, ,8 2 AU = Ny
@ _ (@) 91w g 1 1r23i3))2
b~ =9 (GA ) 2B G0 ¥ 2 g;Z) B (GA=0)
4 T T T 16 T T T
Scheme=l| ,/ T/g=1.0,N=5.0 &
3 B 12 -
1 (@)
4t ©-
o Exact
OF ——- Naive
—— SIC Or |

0.0 02 04 06 08 1.0
A

0.0 0.2 04 06 08 1.0
A

32

24 +

Wrong-direction effort makes things worse!
U l-l

9,91 e
~(2) g A=0
2 ZG/1 p

i

O—

0.0 0.2 04 06 08 1.0
A
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Solution with Scheme III: Effective occupation closure

= — 4 =— — = gNy, — — + —— =G
0,E) = > — N, > 2 N, ,3 AHA = giVg > (2) B ,1=o(neff,,1)
~(2) _ <@\ _91 @ gl 1:53 2
aAGA = -9 (GA ) - EEGA o(neff)l) ET E(GA O(neff)l))
2.4 — — — ——— 32 A
Scheme=lll 6L T/g=1.0,N=5.0
1.8 F O- 24 |
o | @ N |a 16
S ol |3 ¢
o Exact 8
0.0F Naive |
SIC or I ol o
0600 02 04 06 08 Lo 00 02 04 06 08 10 00 02 04 06 08 L0

A A A



Solution with Scheme III: Effective occupation closure

3

v' Effective occupation closure is still not good.

SIC, Scheme=llI g R
a-8-"4
g-B-5-2
o g LA
0.0-210 A i

OOODDD A
éfﬁp oX A A

O A

] A

Fa
7
(m] A T
O A
o A
Da
A
R FRG-DFT -
A T/lg=0.5
T/g=1.0
4 T/g=2.0
0 1 2 3 4 5 6
N

1

(2)
A

gG

1.2

0.8

0.4

0.0

-0.4

5©°° 8 8 E DR @ AB o a}
o
0 A
| A i
0 A
o A
A
g a
o7 '
oH
N
égf
Exact =
o T/g=0.5
o T/g=1.0
T/g=2.0
0 1 2 3 4 5 6
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Scheme IV: Maximum entropy closure

® In scheme llI;
G > nega — GG

We impose a free-theory-inspired ansatz for the distribution — bias

® Scheme IV: reconstruct the distribution p(N) with least bias by maximizing the
Shannon entropy (maximum entropy principle)

Slpl = —Z;:OP(N) Inp(N)

E.g., if only normalization is known, maximizing S[p] amounts to extremizing

M M
Llp]=-) Pilnpi—/1<z_ Pi—1>
i=1 1=1

The results is p; = 1/M. All probabilities are equal.



Scheme IV: Maximum entropy closure

® In flow equations, the Shannon entropy is maximized with fixed (N), Var(N)

Llp] = = XxN=opN)Inp(N) —a(Xn=opPn — 1)
1

~a(Ei-oNow = M) = b (S0 N2pw = NG = 567)

Parameters a(1), b(A) in distribution p;(N) are solved by (N), Var(N) constraints

pa(N) = exp[—a(A)N — b(A)N?]

Z,—L(a, b)

G'® and G\ are mutually consistent and in consistent with G\* and (N).

Gy = BN — (N))?) G P = B3N — (ND*H) — 3(N — (N)?)]



Solution with Scheme IV: Maximum entropy closure

— g, 911 .04 9.9 1 1.3
0,E; ==N, — = +=— — Oy =gNg — -+ o—= 5G
1L > 0 2+2N0,B 1 AU IiNo 2 26/1(2):8/1
9,G1* = —g (5(2))2 — Ql FAS Qi l((}"(3))2 Via maximum entropy principle
AH) A 2,3 A 2 C}z) ,B A
2.4 M . . T T T 32
Scheme=IV i T/g=1.0,N=5.0
1.8 1 24 +
o 1.2 -
< < 16
| o (D
Y ooet o
8 -
0.0
0.6 0.0 0.2 04 06 08 1.0 0.0 0.2 04 06 08 1.0 00 0.2 04 06 08 1.0

A A A
36



Solution with Scheme IV: Maximum entropy closure

3

v' Satisfactory results are obtained with the maximum entropy closure.

SIC, Scheme=IV

£

.,
-
.
Y

FRG-DFT .
— T/g=0.5
=== T/g=1.0
----- T/g=2.0
0 1 2 3 5 6
N

1.2

0.8

0.0

-0.4

o T/g=0.5
o T/g=1.0
A Tlg=2.0

5 6
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Three- and four-density correlators: Scheme IV
0.4 — T | 0.2 T T
SIC, Scheme=IV (T/g = 1.0)
0.1F ¢ -
0.3r .
— — 00 B -
sl o2f 1zl
ZN 0] itm
© ® S _o1f -
o1l ¢ |
o) .
D —02 B w -
—— FRG-DFT
0.0 F &—0—6—6—6—o0—™o O Exact
1 1 | 1 1 1 1 _0.3 1 1 1 1 1 1 1
0 1 2 3 4 5 6 0 1 2 3 4 5 6
N N

v' Higher-order density correlators are also reproduced satisfactorily.



Performance over a broad range T /g

~(34) _
G =0

(1) Scheme I: Minimal closure
~ (3,4 -
G)f ) from maximum entropy

(4) Scheme IV: Maximum entropy closure

Ex=1/9

107t 10° 10' 102
T/g
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Low-temperature oscillatory of two-density correlator

O At low temperature (T «< g), the dominant number statesare N and N + 1

1

(2)
A

gG

| SIC(T/g=0.1)

@ Q)

7 ~ g~ BEN-UN) 4 o—BlEN+1—uU(N+1)]

v" Define probability § = py,, € [0,1]

(N)=Npy+(N+1)py1 =N+6
Var(N) = (N?) —(N)? = §(1 — 6)

gG® = gpvar(N) = (T/g)~*6(1 — &)
v — ~(2) = -1 =
5=05-gG? =(T/g)1/4 =25

v§=0orl-gG® =0

min
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Summary

O Benchmarking studies of collective guantum tunneling

v' TDGCM was successfully applied to the two-particle two-well model.

v' TDGCM agrees perfectly with exact solutions without the self-trapping effect.

v' (0) and {(¢) extraction methods reveal systematic method-dependence.

O Benchmarking studies of density functionals
v" FRG-DFT provides a feasible route to guantum thermodynamics.
v Exact flow equation identifies the indispensable SIC term.

v" Closure should preserve consistency among density cumulants.

W. Deng, 6. Chen, G. Ding, S. Wang, J. Peng, and HZL, arxiv:2604.01906
S. Wang, S. Degen, and HZL, in preparation
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