Institute of

SCIENCE TOKYO

Semi-Classical Quantization of Periodic Solutions for
Imaginary Time-Dependent Hartree-Fock Theory to

Describe Spontaneous Fission

Kotaro Koga

Institute of Science Tokyo, D1
Supervisor: K.Sekizawa

Fission Workshop 2026 - 2026/5/12




tttttttt

Introduction:
TDHF & Spontaneous Fission
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To describe spontaneous nuclear fission
by a
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I Spontaneous fission I
: = many-body tunneling phenomena : Q
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Time-Dependent Hartree-Fock (TDHF) theory
Nucleons create a mean field
Nucleons move independently in the mean field
Self-consistent equation for single particle wave function S
, ﬁz ESF = s ‘;"‘;’ar neutrons
ihdn(t) = —— V4 (t) + it S
g (t) 5 k(1) 50D

H Nam etal 2012 J. Phys.: Conf. Ser. 402 012033 3



Why TDHF is classical theory? SCIENCE TOKYO

TDHF equation can be derived using a path integral formalism.

S.Levit Phys.Rev.C21, 1594 (1980)
S. Levit, J. W. Negele,and Z. Paltiel, Phys.Rev.C21, 1603 (1980)
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Many-body H = E; Toail g + ?13 Z; Vew it} 1 i

Quantum MeChanlcs Uity i) = Texp | i;" [U it z ;'J.,-_I:.f}'l':l_f-:.:i.l'-l_f,q{f]‘
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Hubbard-Stratonovich transformation
7~ N\
Path Integral Uity ti) [E‘[n’]{’xp I— [ dt{e(t)va(t) }UF (L, t; }
representatlon Uf(tg.ti) = Texp l—rf dt{e( :p{f}}
. £i y,

% The HS transformation is also used in the Monte Carlo shell model.
T.Otsukaetal., Prog. Part. Nucl. Phys. 47 (2001) 319-400

Stationary phase approximation (6S = 0)

TDHF equation

sustn_ |

h? oV
J‘h‘dﬂ.'j, Ef} = _giﬁvg* ﬁ{ ] + E't,""'{r‘) J
el

TDHEF is classical theory ’




TDHF cannot describe SF SCIENCE TOKYO

Potentlal energy surface by HF
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TDHF can describe microscopically the dynamics of a single particle,
but a collective motion is classically.

We must qguantize TDHF to describe SF.




Previous study of SF
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P.-G. Reinhard, J. Maruhn, K. Goeke, Phys. Rev. Lett. 44, 1740 (1980)

A. Baran et al., Phys. Rev. C 84,054321 (2011)

A. K. Wen, T. Nakatsukasa, Phys. Rev. C 94, 054618 (2016)

B. K. Washiyama, N. Hinohara, T. Nakatsukasa, Phys. Rev. C 103, 014306 (2021)

r
Hartree-Fock calculations .2
1 s 10
/’ '.TE . :-?
o T 3 1.
Calculation of Mass parameter,--- T 2 1.
1 .
-3

Collective Hamiltonian

I

I

I

I

I

|

|

I

|

I

|

I

|

I

|

I

|

I - : . -

| 0.12

l — —— FAM-QRPA

1 "o orr 1 Perturb. cranking
Quantization (WKB) | 3

I =

| =0

I 0| 41

| 1 ! !

| ;;_

1 A

I [ Ao

I | | LA

| [ i d M e

I : : . i

|

I I ]

|

I

|

I

|

I

Physical quantities (Half lives,---)

The calculations what we want to do.

Imaginary time evolution
—> (analogy of instanton)
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Introduction:
Imaginary TDHF
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Imaginary TDHF (ITDHF)

TDHF i h v ]

= —hOpPp(T) = ==V (1) + —
thdyily(t) = —;—_?Eij}k{tj -+ j—v £ - —i’L>‘ 2m oty (—7)
| Ue(T/2) = e~y (~T/2)

V(Q) . webB Wy, J. Skalski, Phys. Rev. C 77, 064610 (2008)

Potential of imaginary time

Semiclassical quantization
(Gutzwiller formula)

My (7) >
ot

ITDHF was proposed inthe 1980s, but there has been little progress since then.
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[Fission half-life Tu.awﬂ*ip{}r:] s=n [, 4> (mr
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Semi-classical quantization SCIENCE TOKYO

S. Levit, J. W. Negele,and Z. Paltiel, Phys. Rev. C21, 1603 (1980)

Gutzwiller formula

( o _ 1 A
G(E) =1 dTe*T tr U(T,0) =
g i
RS

kPeriodic trajectory Propagator Quantum theory’s Energyj

_ @Describing by periodic TDHF
' A v oo
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@calculating G(E), the
poles give the energy in
> Q quantum theory.

However, conventional TDHF cannot penetrate barriers,
so the periodic TDHF corresponding to SF cannot be obtained. 9
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174 Q) S. Levit, J. W. Negele,and Z. Paltiel, Phys. Rev. C 22,1979 (1980)

J. Skalski,Phys. Rev. C 77, 064610 (2008)
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Potential of imaginary time

Real time TDHF Imaginary time TDHF
2
G:’ﬂm'}k{” = -f—?jfr w(t) + :E;L’ A /—r.'i'?ﬂr*a;'.-';.(*r} = —ETELL{') 51?\
2m dpp(t) 2m S (—7)
Uk = VRN G = \/pre Uk = VPR Y= /pre
A
1 2
= — . . e = ﬂr
H EmZ::fm(?m] dx + V(p) o i m;]m (Vxi)?dx + V(p)
S ~ Sign has inverted !
(Vo )? g} = i - |:1"T"'.|‘H.-:| l ; .V pdade!
\;l:[lr.l m [ —dr + = z f,r;ﬂ pidrds’ Vip) - ;f o 5 Z f“_.i ol fly
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Imaginary TDHF (ITDHF)

TDHF 4 2 )

= —hOpPp(T) = ==V (1) + —
thdyily(t) = —;—_?Eij}k{tj -+ j—v £ - —i’L>‘ 2m oty (—7)
| Ue(T/2) = e~y (~T/2)

V(Q) qurtt i, J. Skalski, Phys. Rev. C 77, 064610 (2008)

Potential of imaginary time

Semiclassical quantization
(Gutzwiller formula)
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ot

ITDHF was proposed inthe 1980s, but there has been little progress since then. -
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Comparison of TDHF and ITDHF 5 science rokvo

Conventional TDHF ITDHF
h? %
K & —hd, _ _ " o2
?hﬂtt"ajj.[f} — _%v?t F.,{ } étr{:‘:v{?] hék-ay, (T} 91 Vo 1{ )+ {ET,-'}L-{—T}

Vr(T/2) = e Y (=T/2)

4 Prepare initial condition \ / Q .4;1. Prepare solutions\

(solution of static HF eq ) @
. that satlsfy B C

_ “r
wk(t o U) “ . (0]
fo; ) NT/2). - 0 (-T)2)
: calculate

t - &i - C from —Z—toz—
~ 3l
a9 - UR(T/2), - s n(=T/2)
Tﬁ’ﬁ;(t = tﬁn) ﬁ Calculate until converg
S Q0 ) ¢ &)

T T
from ——to —

This is space+time dimensional
“boundary value problem”.

This is "initial value problem”.
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"D Time evolution operator
(2 Diagonalizing (1+1)D matrix
| ® Imaginary time method for (1+1)D matrix
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System of Numerical Calculations science rokvo

For simplicity, we assume that Density
{0 One-dimentional space /A
: O 16 particle system :: : |
: O Spin-Isospin degeneracy -: ._
: O No Fock terms : W
] ] _ Potential energy surface
Hamiltonian density of our system 338 =
. , EF \ 34 f i .""x.ﬂ
H(x, —7), Lz, 7)) = -M Z a2, —7) Uolx. T L :7)'1 \
|
W L1
1 . 342 : S\
+ = 5 f{h plz, T)WV(x = 2" p(x', 7) NQ ES
i / o\
+ %H‘Pn(;r, r) Three body force § e i Q
----------- repulsive ~ adof | / EE—E
Vi g2 Vo _z2..2 \/ Y
Viz) = =% N L~z vy S, &
() T ¢ ﬁ"ur » |
attractive repulsive
Two body force 38
ple,7) =M P Tz, T
Z ﬂ ﬂ{ j -3'5225 I 35 40 45 50 S5 80 65 TO TS
K S. Levit, J. W. Negele, and Z. Paltiel, Phys. Rev. C22, 1979 / (%) ”
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Discretization of Time SCIENCE TOKYO

For numerical caluculation, the time variable is deiscritized.

G.Puddu,dJ. W. Negele, Phys.Rev.C35,1007

- -~ - ----- - -"-"-""-""-"-""-""-""-"-""=-""-""=-""-"-=-"-""-=-""-=-"=-""/""/-""”=/-""”/"=-7 A\
| [ 2 |
: - ('}E,J..g::._ 7) — (—% + [ V(e —2"p(a!, r)de' + Vap®(z.7) + VA(I]> gz, T) :
e |
l = h[pla(x, T) Constraints to avoid uniform solutions 1
' o } |
I Vilz) = A [[ dr /‘:4"3 iz’ )dz’ — ;4'2] z* I
T T M ! f ) 0
' halz, =) = e Mgz, —= i T '
l B.C Iﬂ*’.‘i{lfﬁ 9 = I,_g{”!, 2} I
N e e o o o o o o e e e o o o o e o e em e e e e em o= /
Discretization of time To, Ty, - Tn, Number of meshes: 32, Mesh width: 3.5
4 )
+1 +
Yg(Ti, 1) = EKD(—h [m'ﬂg PF‘} ﬂT) g, T1)
Time evolution operator
Boundary condition ¥g(@®i,7n.) = e “Pgla;, 1)
\ J
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Computational Flow @ SCIENCE TOKYO

i1ti G.Puddu,J. W. Negele, Phys. Rev. C35, 1007
Initial pass uddu egele, Phys. Rev

-3.38 — / :’ """ T T T T T e s (ramelny T
_.-":‘"; I o — :
3.4 /e &Eﬂ | o !
.1'14@;'-.\ : s :
342 ;‘ @ \ | N !
= [ ] :
N \ e e ]
8 -3d
e’ \ infinitesimal dilatation mode of saddle point density
= 346 | f,
L Y . . .
d Imaginary Time evolving
-3.48 7~ - - ™\
Imaginary Time evolution operator
33 \ gL Tee1) = :*:-:p(—h ['”{Ij' k+ l; +plwi k) .ﬁ‘r) e, k)
355530 35 40 45 50 55 60 €5 70 75 *0Orthogonalize at each step to avoid divergence.
\_ __ y,
“ ot
The existence of V; means M

that ppew IS Not py1q generally Prew(®,7) = (1 = K)pota(z.7) + KM E-a.“ —.J-e,::"[.-a.-.,-j]

=1

2 .
l _/ i f = plat p)da’ ~ *’*"“] -’ If ppewl(®.7) = paralx. 7), calcuration stop
Constraints to avoid uniform solutions
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Computational Flow @

~3.38
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G.Puddu,dJ. W. Negele, Phys. Rev.C35, 1007

e S \iltieaiens ,
3.4 / TN : ' ' i . :
I . '-" | b II_.H' o _H'“"'d_"'“-\. W
L2 | \ |
W e ; :
i . I'-. ! l"-. |
/ . l". | ! \ I
e i N R L. TR ] |
I L AT T e e e h
-3.46 11 / : m infinitesimal dilatation mode of saddle point density
S \
-3.48 % @
Imaginary Time evolvin
35 ‘u,x 7~ —T T N
From initial time ——to final time 5
-35
225 #H 3k 40 4% BT L:_f[‘r;‘ Th4 l::' = 1!};1](—!! .I':'{ iy kt 1} S ﬂ'[-], ;I ﬂT) i'.i{,r,. Ti]
(x?) .
% 0rthogonalize at each step to avoid diverzzence.J

The existence of V; means
that ppeyw 1S NOt pyq generally

Update the den3|ty

lf ffr;rf:r plz', n)dx’ —x[,] x*

Puew(2.7) = (1 = K)powa(e,7) + K wza..

=1

—7 )iz, T)

Constraints to avoid uniform solutions

If prewl(z, 7) = poralx, 7), calcuration stop
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Results of Iterative Method

t=-56 (frame 1/33)
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0.8 4

0.6

rhio

0.4 ~

0.2 +

— 0

It seems like fission and periodic motion.

18



Transformation of ITDHF

Imaginary TDHF (ITDHF)

(

\.

h* Y
— V2,
om k() + O (—7)

I
(@T + h(z, T}) Yrp(z,7) =10

—hd (1)

B.C. Yn(T/2) = e~ (—T/2)

‘\
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Can be solved by iterative method

] ﬂr) dalri, T

Pe+1 + Pk
7

dalri, Thyr) = {rxp(—h

J/

Oz, T
A = ag/T

AV

(

(81. + h[:r T}) or(w,7) = Apoop(, 7)

B.C. ¢p(x,T/2)= ¢p(x,—T/2)

Unitary transformation in Imaginary time

) = e M THT/2) (3 1)

Eigenvalue equation

N, X
N:

—~ ~

"|
i

(3—,— + hiz,7) Ak

or(z, )
Oz, T

)
/

N, X

N

19



Computational Flow @

(transformed) ITDHF eq

(

(51. + h(z. T}) o (v, 7) = M Or(, 7)

B.C. ¢n(x,T/2)= ¢p(x,-T/2)

\

~

AN

Diagonalization

{I_EI’L;{I'._T),A;;}
# of eigenvalue = N, X N,

—>

Im(A)

0.3

0.2 F

0aF

Institute of

++ H+ ’zt ++++++++ '+ x»ﬁ; +§+ ++
* ++ L + + +
+ -+ * + # .
+ ++ + + .
+ + + + * +
- & La s + -
. R + e

+ H o+ + ++++ + + + + + o+ + + + + +

o + - +
+ + +

+ =+ + + + + + +
o = + + 4+ + + + +

- = + + ++ + ¥ +
L - + + 4+ * & +
- e + + + & + *
oo+ i B3 A . O, . + + T+ o
L L L L
1 -0.5 0 0.5 1 1.5 2 25 3

Re(\)

Pick up the four smallest real eigenvalues in order.

4
| ple,7)=M Z;."};.{;:r,_ —7 )z, 7)

k=1

20



Results of Diag Method SCIENCE TOKYO

pot
oE 0.0 +
o0& =0.£ 9
& 04 B 04 1
s =06 3
00 ~0.8
15 10 5 5 10 15 =15 =10 =5 L] 5 10 15
& K
wil w2
04 ——— 16 o — i Ra
—_— —
0.4 3
ol
03 4 _/—\
§ oz ¥ o0
e \/’_
Ll
0.4 -
o =16 3
-1% 10 -5 % 10 15 =15% =10 =5 ] 1a 1%
] H
w3 wia
LS — il 0od | — i
— — il
. ) 1J—\ /\
= DL a1
;] //_'_._.._H_\\\ b 0.0
. T~ — =021 \//
=5 {4
=1% =10 =% 1] 5 10 15 =15 =10 =5 Li] 5 L} 15
k] =

e |t appears that this solution‘s behavior differs from that of the previous solution.
(e.g. wfl and wf3’s norm )
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(transformed) ITDHF eq
r )

(51- + bz, T}) dr(x,7) = Apdp(z, 7)

This method is analogy of imaginary time

B.C. ¢p(x,T/2)= ¢p(x,—T/2) method for static HF calculation.
\ y, N, X
U Pl — N, 0
: €
miu,v. — mi}l{l (a’r + ?l) {l‘?ildﬂ.t ______ o e ;X Lo (aq- + }L{IT T}) %
2 &
i _ 1

1+1-dimensional imaginary time method

ple,7) =M ZQ‘?;L{JL —7)p(x, T) —
k=1 22
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Each ITDHF Path’s Energy SCIENCE TOKYO

Time evolution operator

i

LR

0.6 =

0.2

00 7

Initial guess Diagonalize
[15+]

o 10

0§ o |

e
06

0.4
2

0.2 4
O

—1% e 1] -3 L] b= ] L=} 1% 0 4
B =15 =10 =5 ] 5 10 15

Imaginary
rha

0.8

0.6

e

0.4

0.2

0.0 1

-15 ~18 -5 o 5 16 15
24



Each ITDHF Path’s Energy SCIENCE TOKYO

Energies | Eq)

_.3-.35[} I ! I ! ] N ] N ]
-3.375}F 4In/itial guess -
~3.400}
0= i U A - Big amplitude
~3.450}
-3.475}
—3.500F —— PES(CHF) _
- —— ITDHF path (initial) Different energy
——— ITDHF path (1ter)
“35I5F .. ITDHF path (diag)
 ——- ITDHF path (imag)
3350 30 40 50 60 70 80
(z*)

All paths are not conserving energy. 25
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In a converged path, it appears that energy is NOT conserved.

Potential energy surface Analytically, we can prove that energy is
conserved in imaginary time.
-3.350 . . . . : ; ; :
MMy (- M OH M\
! o ar r did; () r'i-r#:[—’.":l ﬁﬂ:l{—’r} dehi(7)
-3375¢ _nitial guess -
However, numerically, orthogonalizing each
~3.400F 1 time step could change the energy.
Furthermore, if we do not orthogonalize each
-3.425F 5% 41 time step, the calculation diverges.
o
.0
; N7
~3.450F P -
_'_'_.ﬂ'-.-.- \'l“?
~3475F ~_J NN .
8{0,7 52 HH \
e Q Y "H.‘
3 500k = PES (CHF) Vo) Vg ]
| —— ITDHF path {initial) % E
—— ITDHF path (iter) SN A
3.35I5F .. ITDHF path (diag) ]
[~ ITDHF path (imag) Previous research has suggested that this is

—:'I-. . 1 N 1 i 1 i . L . . L. . g .
"% 30 w6 i 80 because the infinitesimal dilatation mode used
o for the initial conditions contains an Random
Phase Approximation mode.

G.Puddu,J. W. Negele, Phys.Rev.C35,1007



Summary & Future Work
Summary
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« Ourresearch purpose is to describe spontaneous fission

from nucleon degrees of freedom.

- We quantized TDHF by periodic Imaginary TDHF (ITDHF).

« ITDHF equation can be interpreted as eigenvalue equation in

space and time dimension (Conventional TDHF calculation is

initial value problem.)
« We calculated simple 1D system’s ITDH
method. (time evolution operator calcu

F equation by three
ation, diagonalize

calculation and "imaginary method” ca

culation)

Future Work

« Investigate initial guess dependency for converged path.

« Calculate the half-life in the 1D system

and compare it

with the half-lives calculated using other theories.

217
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Results
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Discussion & Conclusion
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In a converged path, it appears that energy is not conserved.

Potential energy surface
=3.38

In original paper, the energy
also may not conserved.

\
|
|
|
|
|
|

35} '

I

352} .
However, we still do not fully

3541 understand the original paper---

-3.56

30 40 50 80 70 80
Mathematically, we can prove that energy is conserved in imaginary time.
OH dH . GH FH N

or rZ( 561(7) 367 (—7) ﬁﬂ:{—rjaw.{rﬁ) -

However, numerically, orthogonalizing each time step could change the energy.
Furthermore, if we do not orthogonalize each time step, the calculation diverges.

30
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The time period T is the free parameter we can choose. If T is change, the
converged path is also change.

o . T Aa T
Boundary condition ®g(x, E] =e “Poglx, _E:I

-3.35 .
T=42
T=49
T=56
T=63
T=70

m

T=77
T=84
T=91
T=93
T=108 . oy
T=12 <@mmA previous slide’s one

T=119

-3.4 F

T=126
T=133
T=140
T =147
T=154

111

-3.45 |

=35

-3.55 |

-3.6
20 30 40 a0 o0 70 50 a0 100

However, simply changing T could not obtain the path of energy
conservation and through the ground states. 31
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Even if we pick up the energy conserved path (T = 56) as a initial path
and extend T, near the ground states, the energy is not conserved.

=3.35

T =hB

T =63

T =70

T =77

o T =84

i ", T=9
-3.4 F !

-3.45 | I N

- ",

20 30 a0 o0 [=10] 70 50 a0 100

Furthermore, it differs from direct and extended calculations.
It may show that there is initial value dependency:---?

Even with a constraint, the initial guess must be close
in some sense (o a periodic solution, or else iteration will
evolve it into an uninteresting solution, usually a siatic
Hartree-Fock solution. An adequate strategy for finding
eigenstates of large-amplitude collective motion is first to
solve the RPA equations for infinitesimal vibrations.
Starting with the time-dependent wave functions for a si-
gle mode, a series of sequential self-consistent calcula-
tions may be performed gradually increasing the period
from the RPA value Ty=27/w. By continuity, the ini-

J.W. Negele, Rev. Mod. Phys. 54,913 (1982)

-3.6
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t=-56 (frame 1/33)
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0.8 4
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0.2 1
0.0
Tel2 1. 7 y | T
21 =
—_— w3
1+ —_— w4
b3
)
_1 e
-15 ~10 -5 o 15
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Back up

0.8 +

0.6 4

mo

0.4 -

0.2 -

0.0

S
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t=-56 (frame 1/33)

— I"hﬂ

lel2 _1e 10 5 n 10 15
—_— il
.
—_— i3
— i

=15 -10 5 0 10 15
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Imaginary TDHF (ITDHF)
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G.Puddu,dJ. W. Negele, Phys. Rev.C35, 1007
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Real time TDHF Imaginary time TDHF
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To describe spontaneous nuclear fission
by a

>
~Elongation/relative distance

Nuclear Landscape

\_ J
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I,' Potential energy surface by LDM ‘\I Spontaneous fission (SF)
' - I occurs in heavy nuclei.
I Spontaneous fission I
: = many-body tunneling phenomena : Q
I > 1
: ! TDHF | Ibl
i | calculate heavy nuclel.
: :
I [
\ )

-~

Time-Dependent Hartree-Fock (TDHF) theory
Nucleons create a mean field
Nucleons move independently in the mean field
Self-consistent equation for single particle wave function S
, ﬁz ESF = s ‘;"‘;’ar neutrons
ihdn(t) = —— V4 (t) + it S
g (t) 5 k(1) 50D

H Nam etal 2012 J. Phys.: Conf. Ser. 402 012033 64



TDHF cannot describe SF SCIENCE TOKYO

There are various theories that describe SF in microscopically, although almost
all of them cannot reproduce the experimental values.

Potential energy surface by HF

24°Pu SkM
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-1800 |
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=1805
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TDHF can describe microscopically the dynamics of a single particle,
but a collective motion is classically.

We must quantize TDHF to describe SF. -
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Conventionally, TDHF is derived using the variational principle, but now,
we derive it using a path integral formalism. |
S.LevitPhys.Rev.C21, 1594 (1980)
S. Levit, J. W. Negele,and Z. Paltiel, Phys.Rev.C21, 1603 (1980)

4 N
Many-body H = E; Toaitl g + é Z; Vew it} 1 i
Quantum Mechanics ,.{U_m_.;.‘,w| [ z;.J”__“m_w.l_m“]‘
\\ J
Hubbard-Stratonovich transformation
[ ~N
Path Integral Ults, i) f ‘Dln]nv[— [ dt{o(t)vo(t)} s;r}

representation

U (ts. f}—Tnpl—r[r' dt{o(t)op(t)}

% The HS transformation is also used in the Monte Carlo shell model.
T.Otsukaetal., Prog. Part. Nucl. Phys. 47 (2001) 319-400

Stationary phase approximation (6S = 0)
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TDHF equation
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S. Levit, J. W. Negele,and Z. Paltiel, Phys. Rev. C21, 1603 (1980)

Gutzwiller formula
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However, conventional TDHF cannot penetrate barriers,
so the periodic TDHF corresponding to SF cannot be obtained. 69
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Potential of imaginary time
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Periodic TDHF Imaginary time evolution Gutzwiller formula
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ITDHF was proposed inthe 1980s, but there has been little progress since then. o
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System

For simplicity, we assume that

---------------------------------------------------------

: O One-dimentional space

: O 16 particle system

: O Spin-Isospin degeneracy
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For numerical caluculation, the time variable is deiscritized.

G.Puddu,dJ. W. Negele, Phys.Rev.C35,1007
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myc G.Puddu,J. W. Negele, Phys. Rev.C35, 1007
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_.-":‘"; I o — :
3.4 /e &Eﬂ | o !
Ila;..&.....yl".ﬁ i s :
-3.42 ;‘ @ \ - !
~N / : I :
9\l ! ! | @0 ‘
= - LT e
e’ \ infinitesimal dilatation mode of saddle point density
= 346 | f,
L Y . . .
d Imaginary Time evolving
-3.48 7 . B B N\
Imaginary Time evolution operator
33 \ Dal(Ti Thee1) = :*:-:p(—h ['H{Ij' k+ l; +olwi k) .&‘r) dalri, 1)
355530 35 40 45 50 55 60 €5 70 75 *0Orthogonalize at each step to avoid divergence.
\_ __ y,
“ ot
The existence of V; means M

that ppew IS NOt po1q generally Prew(2,7) = (1 = K)pora(x,7) + KM Eﬂu ~T)dalz, 7] ]

=1

2 .
l _/ i f = plat p)da’ ~ *’*"“] -’ If ppewl(®.7) = paralx. 7), calcuration stop
Constraints to avoid uniform solutions
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After ~1000 iterations, the density converged

t=-56 (frame 1/33)

— IO

0.8 -

0.6 -

o

0.4 ~

0.2 ~

0.0

15 ~10 - 0 5 10 15

k4

It seems like fission and periodic motion.
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In a converged path, it appears that energy is not conserved.

Potential energy surface
=3.38

In original paper, the energy
also may not conserved.

\
|
|
|
|
|
|

35} '

I

352} .
However, we still do not fully

3541 understand the original paper---

-3.56

30 40 50 80 70 80
Mathematically, we can prove that energy is conserved in imaginary time.
OH dH . GH FH N

or rZ( 561(7) 367 (—7) ﬁﬂ:{—rjaw.{rﬁ) -

However, numerically, orthogonalizing each time step could change the energy.
Furthermore, if we do not orthogonalize each time step, the calculation diverges.

79
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The time period T is the free parameter we can choose. If T is change, the
converged path is also change.

o . T Aa T
Boundary condition ®g(x, E] =e “Poglx, _E:I

-3.35 .
T=42
T=49
T=56
T=63
T=70

m

T=77
T=84
T=91
T=93
T=108 . oy
T=12 <@mmA previous slide’s one

T=119

-3.4 F

T=126
T=133
T=140
T =147
T=154

111

-3.45 |

=35

-3.55 |

-3.6
20 30 40 a0 o0 70 50 a0 100

However, simply changing T could not obtain the path of energy
conservation and through the ground states. 80
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Even if we pick up the energy conserved path (T = 56) as a initial path
and extend T, near the ground states, the energy is not conserved.

=3.35

T =hB

T =63

T =70

T =77

o T =84

i ", T=9
-3.4 F !

-3.45 | I N

- ",

20 30 a0 o0 [=10] 70 50 a0 100

Furthermore, it differs from direct and extended calculations.
It may show that there is initial value dependency:---?

Even with a constraint, the initial guess must be close
in some sense (o a periodic solution, or else iteration will
evolve it into an uninteresting solution, usually a siatic
Hartree-Fock solution. An adequate strategy for finding
eigenstates of large-amplitude collective motion is first to
solve the RPA equations for infinitesimal vibrations.
Starting with the time-dependent wave functions for a si-
gle mode, a series of sequential self-consistent calcula-
tions may be performed gradually increasing the period
from the RPA value Ty=27/w. By continuity, the ini-

J.W. Negele, Rev. Mod. Phys. 54,913 (1982)

-3.6
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« Our research purpose is to describe spontaneous
fission from nucleon degrees of freedom.

- Time-Dependent Hartree-Fock (TDHF) method is
known as a method for microscopically describing the
dynamics of nuclei, however, since mean-field motion
Is classical, guantization of TDHF is necessary to
describe spontaneous fission.

« We quantized TDHF by periodic Imaginary TDHF and
calculated simple 1D systems.

« Investigate why energy is not conserved.
« Calculate the half-life in the 1D system and compare it
with the half-lives calculated using other theories.

82
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t=-56 (frame 1/33)
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t=-56 (frame 1/33)
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t=-536 (frame 1/33)
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To describe spontaneous nuclear fission

by a microscopic mean-field approach

N

_J

V(Q)

Spontaneous fission is caused by many-body tunneling effect.
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To describe spontaneous nuclear fission

by a microscopic mean-field approach

N

_J

E Binding
1 Induced fission

Spontaneous fission

~Elongation/relative distance

Spontaneous fission is caused by many-body tunneling effect.
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Time-Dependent Hartree-Fock (TDHF) can describe microscopically
the dynamics of a single particle, but...

V(Q)

TDHF

A motion of mean field (collective motion) is classically,
so it cannot describe spontaneous fission (SF).

We should quantize TDHF to describe SF.

99
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Derivation TDHF SCIENCE TOKYO

Conventionally, TDHF is derived using the variational principle, but now,
we derive it using a path integral formalism. |
S.LevitPhys.Rev.C21, 1594 (1980)
S. Levit, J. W. Negele,and Z. Paltiel, Phys.Rev.C21, 1603 (1980)

4 N
Many-body H = E; Toaitl g + é Z; Vew it} 1 i
Quantum Mechanics ,.{U_m_.”w| " z,a....mx-;._f.:.”a_f,m]‘
\\ J
Hubbard-Stratonovich transformation
[ ~N
Path Integral Ulty.ti) f Dlﬂlﬂvl- [ dt{o(t)o(t)} ufﬂ

representation

Uy f_;f}_Tnp[ [ dt{o| m{f}}_

Stationary phase approximation (6S = 0)
: e h o, §V
TDHF equation ihde(t) = —— V20 () + —
2m daby(t)

TDHF ié classical theory 10
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S. Levit, J. W. Negele,and Z. Paltiel, Phys. Rev. C21, 1603 (1980)

Gutzwiller formula

( oo N\
1
G(E) =i dTe'FT tr U(T,0) =
( }IE-./\U/E-E---{-----)I TZ-"' EU - E
S
kPeriodic trajectory Propagator Quantum theory’s EnergyJ

@DDescribing by periodic TDHF
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V
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. ‘ ' ithdyy(t) = ? U (t) + 0
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Periodic

@calculating G(E), the
poles give the energy in
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Imaginary time evolution

As an analogy of the one particle QM,

V(Q)
TDHF

Real time TDHF

\.

(A) =) / da (z, 1) Ay (2, 1)
—~

t > —itT

J

<\
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J. Skalski, Phys. Rev. C 77, 064610 (2008)

TDHF
—

\

Potential of real time

y EE———

Potential of imaginary time

t > —it

Imaginary time TDHF

(

—hd iy (T)

(A(T
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h A
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—— Vi (T) +
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Description of SF using ITDHF SCIENCE TOKYO
Periodic TDHF Imaginary TDHF Gutzwiller formula

l l |

i 5 5V A
2, | o~y
—ho (1) = —ﬂ? Ur(T) + 5o (—7) p(T/2) = b (=T/2)
T/2 (}1:.".!;‘ (7)
exp ]] S =" /”;.ETZ <¢'A, P >
- /
V(Q) J. Skalski, Phys. Rev. C 77, 064610 (2008)

Perlodlc motlon

Potential of imaginary time
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EDF of our system
4 2 A
Hlp(x, —7), ¢ = — M Z Oal (dt ) O, T)
1
1 5 [rf:z:’p{:r: Wie —a2plx',7) + EVEF (z,7)
y y Three body force
r 1 —p? fa 2 R .
Vix) = 7 /M4 m /2 ple,7) =M z G2, —T) oz, T)
K ““-:I:\ITI:)-I-)Ody-?(-)FC-:; ----- S. Levit, J. W. Negele, and Z. Paltiel, Phys. Rev. C22, 1979 )
parameter value For simplicity,
M 4 «——Spin-lsospin degeneracy
" 2 : O One-dimentional space
Y2 10 : O 16 particle system
Vi -1.489 « Attractive : O No Fock terms
Va 040 <«—Repulsive (Coulomb [TKE)  Fmrrcmimimsmsmsmsmsmrmrmememesceeeesesessd
Vs 0.5
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Discretization of space Xg,X1,...Xp,
Number of meshes: 24, Mesh width: 1.5

Density Constraint HF for (x?)
3.38

34

-3.42}

352530 35 40 45 50 55 60 65 70

(x?)
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G.Puddu,dJ. W. Negele, Phys. Rev.C35, 1007

-

a 'I | -:I-'q. T ad I P I ’ |
- ﬂ‘g_r' ) _ (_E + f‘i»”[;z: — a")p(a', 7)da’ + Vsp*(z,7) + VA{LE}) b, T)
= hlplés(x,T) Constraints to avoid uniform solutions
T T Vilxz) = A l i diy | =" p(a’, n)de" - .:ﬁ] a?
B.C. dalx, E} — E_}”‘itﬁ;g{:s, _Ej f:e [
N - —e— b b—b—et"—etbttb—ttb"btk+vbtbbb'o4bk¥t"ihenltbh"'t"ohého'ohnho'"oob't'odh"'o""ohhb—oohhb"hrdhnohb'ehtbththtthb"hvb"thvb"httht o ¥4

Discretization of time To, T1, - Ty, | ‘ Number of meshes: 32, Mesh width: 3.5

( N

1+ o |
Pp(xi, The1) = exp (—*’1 FHIQ Pﬂ ﬁ’T) Op(xi, Te) = UlTpar, T )0 (2i, i)

Time evolution operator

Eigenvalue problem U(ry,m1)¢s(zi 1) = e M og(xi, 1)
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G.Puddu,dJ. W. Negele, Phys. Rev.C35, 1007

1. As an initial path, preparing p(x;,7;) and ¢ (x;, 7o)
2. Time evolving ¢, (x;,7) to ¢ (x;,Ty)

$1(x;,70) = Py (x;,71) = D1 (x,73) = - > Py (x5, Ty)

O1(xi, Te41) = exp (—h [ﬂ;;+12+ ‘m‘l ﬂ'r) dn(xi, T )

3. Normalizing ¢, (xi;Tj)
fd{.i:{ﬁq{iE,TJ@l(:Es_T} =1

4. Time evolving and orthogonalizing ¢, 5, (x;, 7o) t0 @y 5 4(x;,Ty)

k+1 T Pk .
Po3.4(Ti. Tiv1) = exp (—-’1 [p i 5 P ] aﬁ?’) 02,3 4T, Tk

{II!TITI_]"J'QE;L.; [-T, 'T:Iffh_ {.’II._, —".l'] = ()
*0rthogonalize at each step

5. Normalizing §b2,3,4(xi;7:j)
6. Calculating new density p(x;, ;)

ple,7) =M Z PalT, —T)Palz,T)

=1

/. Return to step 2 until convergence 11
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G.Puddu,dJ. W. Negele, Phys. Rev.C35, 1007
An initial pass is infinitesimal dilatation mode of saddle point density

Pini(T, T) = psad () + €(psad(T) + ﬂ:{%pﬂd(m]] cne(i;r j

Saddle point

t=-56 (frame 1/33)

-3.38
—
0E
=3.4 \
oG 4
8.l 242 Ini t|aI pass
o~
0 o~
8 -3.44 / \
3461 J,.-"X "-,II
I\'\___..-"'I '.\I
3.48 \
\
A5 15
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After ~1000 iterations, the density converged to the following:

t=-56 (frame 1/33)

— T

0.8 -

0.6 4

rho
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T L —
cafrrargs palk

(x?)

30%0 a0 20 i) 20 40 80
T

The amplitude of (x?)is very small in initial path,
but it become large in converged path.
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-3.56
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Energy is not conserved???
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Conclusion

« Our research purpose is to describe spontaneous fission from
nucleon degrees of freedom.

« Time-Dependent Hartree-Fock (TDHF) method is known as a
method for microscopically describing the dynamics of nuclei,
however, since mean-field motion is classical, quantization of
TDHF is necessary to describe spontaneous fission.

« We quantized TDHF by periodic Imaginary TDHF and calculated
simple 1D systems.

Future Work

* Investigate why energy is not conserved.

« Calculate a half-life in the 1D system.

« Investigate the region where convergence occurs by varying the
parameters.

Future Future Work
« Develop 3D periodic imaginary TDHF using Skyrme interactions.

11
K
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Time-Dependent Hartree-Fock (TDHF) can describe microscopically

the dynamics of a single particle, but a motion of mean field
(collective motion) is classically

-1780 - - T T e —— t - O[fm./C]

-1785

=1780 p

-1785 |

energy [MeV]

=1800 f

-1805

' o
We must quantize TDHF to describe SF.




Previous Studies for Quantized

Various studies have been conducted to describe
spontaneous fission microscopically.

HF+Cranking formula
HF + local RPA
ATDHF

ASCC
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Introduction:
Spontaneous fission and TDHF
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4 ™

To describe spontaneous nuclear fission
by a

- J

! Potential energy surface by LDM \ Spontaneous fission (SF)
occurs in heavy nuclei.

-

Spontaneous fission
= many-body tunneling phenomena

TDHF is possible to
calculate heavy nuclei.

>
~Elongation/relative distance

Nuclear Landscape

P T ———————————
A —

-~

Time-Dependent Hartree-Fock (TDHF) theory
Nucleons create a mean field
Nucleons move independently in the mean field
Self-consistent equation for single particle wave function S
, ﬁz ESF = s ‘;"‘;’ar neutrons
ihdn(t) = —— V4 (t) + it S
g (t) 5 k(1) 50D

H Nam etal 2012 J. Phys.: Conf. Ser. 402 012033 1§
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There are various theories that describe SF in microscopically, although almost
all of them cannot reproduce the experimental values.

Potential energy surface by HF

24°Pu SkM

=1780

-1785 |

=1780

Induced fission

=1785 |

Energy [MeV]

-1800 |

1 Spontaneous fission

=1805
0 0.5 1 1.5 2 2.5 3

TDHF can describe microscopically the dynamics of a single particle,
but a motion of mean field (collective motion) is classically.

We must quantize TDHF to describe SF. 13
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Why TDHF is classical theory? SCIENCE TOKYO

Conventionally, TDHF is derived using the variational principle, but now,
we derive it using a path integral formalism. |
S.LevitPhys.Rev.C21, 1594 (1980)
S. Levit, J. W. Negele,and Z. Paltiel, Phys.Rev.C21, 1603 (1980)

4 N
Many-body H = E; Toaitl g + é Z; Vew it} 1 i
Quantum Mechanics ,.{U_m_.”w| " z,a....mx-;._f.:.”a_f,m]‘
\\ J
Hubbard-Stratonovich transformation
[ ~N
Path Integral Ulty.ti) f Dlﬂlﬂvl- [ dt{o(t)o(t)} ufﬂ

representation

Uy f_;f}_Tnp[ [ dt{o| m{f}}_

Stationary phase approximation (6S = 0)
: e h o, §V
TDHF equation ihde(t) = —— V20 () + —
2m daby(t)

TDHF is classical theory 13
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S. Levit, J. W. Negele,and Z. Paltiel, Phys. Rev. C21, 1603 (1980)

Gutzwiller formula

( oo N\
1
G(E) =i dTe'FT tr U(T,0) =
( }IE-./\U/E-E---{-----)I TZ-"' EU - E
S
kPeriodic trajectory Propagator Quantum theory’s EnergyJ

@DDescribing by periodic TDHF
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Imaginary time evolution

As an analogy of the one particle QM,

V(Q)
TDHF

Real time TDHF

\.

(A) =) / da (z, 1) Ay (2, 1)
—~

t > —itT

J

<\
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J. Skalski, Phys. Rev. C 77, 064610 (2008)

TDHF
—

\

Potential of real time

y EE———

Potential of imaginary time

t > —it

Imaginary time TDHF
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—hd iy (T)
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Description of SF using ITDHF

Periodic TDHF Imaginary time evolution Gutzwiller formula
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! | l

4 .

L W o 5V | A

—hO: Yy (1) = —gv Vi (T) + SO (—7) Ui (T/2) = e “ i (—T/2)
S 1 Do (7)
exp ’— H:| , S=h 1[;”2 fi’.“; <1;Jh-{—1'} 5, > .
\. y
V(0) J. Skalski, Phys. Rev. C 77, 064610 (2008)

. Periodic motion |
« - s . »«

Potential of imaginary time

ITDHF was proposed inthe 1980s, but there has been little progress sincethen. 13
)
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Setup for Numerical Calculations




System

For simplicity, we assume that

---------------------------------------------------------

: O One-dimentional space

: O 16 particle system

: O Spin-Isospin degeneracy
: O No Fock terms

Hamiltonian density of our system
) )

P, T)
1 ; ' '
+ 5 [d‘_-g_- ple, T)V(z — 2" )p(z’, T)

i

Hp(x, —=7), ¢z, T)] = —,’UZ@.{I. ~7) (F

+ Ilp;”r,ﬂ{,-r,-, ) Three body force
3 repulsive

attractive repulsive
Two body force

ple,7) = 4”2'{33'{1 T )@z, T)

K S. Levit, J. W. Negele, and Z. Paltiel, Phys. Rev. C22, 1979 /

V((x2))
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Densﬂy
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ar fi !

a8 ) Yy
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a1

a ] E 3 [ ]
X

Potential energy surface

"-\._‘T

k]

-3.38
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"
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-

=34

-3.42

-346} /
-3.48
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For numerical caluculation, the time variable is deiscritized.

G.Puddu,dJ. W. Negele, Phys.Rev.C35,1007

- -~ - ----- - -"-"-""-""-"-""-""-""-"-""=-""-""=-""-"-=-"-""-=-""-=-"=-""/""/-""”=/-""”/"=-7 A\
I ) 2 I
: . (‘}I:II..:;:I—‘ T) = (—% - [V{n: — 2"p(a!, T)dx" + Vap*(x,T) + ‘i-fiETE) Galx,T) :
| |
I = h[plos(z, 7) Constraints to avoid uniform solutions 1
| S ] I
I Vilz) = A | Cdn | 2 pe ) — ;1'2] z* I
T T A ] f !
i B.C. oplz, 5) = e Meog(x, —=) [' [ U |
N e e o o o o o o e e e o o o o e o e em e e e e em o= /
Discretization of time To, Ty, - Tn, ﬂNumber of meshes: 32, Mesh width: 3.5
éa N
. +1 T .
O8(@i; Th1) = cxp(—h [‘OHIE m} f’-‘*-f) ¢p(xi, Tk) = U(Thsr, 7 )bp(@i, 7k)
Time evolution operator
Eigenvalue problem U(T‘ﬂ.,r_. T1 j]{i':l_;'j‘{.'l.'.g: T } = E_A'iqbﬁ 'I::L','_. T[:I
. J
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G.Puddu,dJ. W. Negele, Phys. Rev.C35, 1007

1. As an initial path, preparing p(x;,7;) and ¢ (x;, 7o)
2. Time evolving ¢, (x;,7) to ¢ (x;,Ty)

$1(x;,70) = Py (x;,71) = D1 (x,73) = - > Py (x5, Ty)

O1(xi, Te41) = exp (—h [ﬂ;;+12+ ‘m‘l ﬂ'r) dn(xi, T )

3. Normalizing ¢, (xi;Tj)
fd{.i:{ﬁq{iE,TJ@l(:Es_T} =1

4. Time evolving and orthogonalizing ¢, 5, (x;, 7o) t0 @y 5 4(x;,Ty)

k+1 T Pk .
Po3.4(Ti. Tiv1) = exp (—-’1 [p i 5 P ] aﬁ?’) 02,3 4T, Tk

{II!TITI_]"J'QE;L.; [-T, 'T:Iffh_ {.’II._, —".l'] = ()
*0rthogonalize at each step

5. Normalizing §b2,3,4(xi;7:j)
6. Calculating new density p(x;, ;)

ple,7) =M Z PalT, —T)Palz,T)

=1

7. Return to step 2 until convergence 13
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G.Puddu,dJ. W. Negele, Phys. Rev.C35, 1007
An initial pass is infinitesimal dilatation mode of saddle point density

Pini(T, T) = psad () + €(psad(T) + ﬂ:{%pﬂd(m]] cne(i;r j

Saddle point

t=-56 (frame 1/33)

-3.38
—
0E
=3.4 \
oG 4
8.l 242 Ini t|aI pass
o~
0 o~
8 -3.44 / \
3461 J,.-"X "-,II
I\'\___..-"'I '.\I
3.48 \
\
A5 15
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After ~1000 iterations, the density converged to the following:

t=-56 (frame 1/33)

— T
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Discussion

t=-56 (frame 1/33)

t=-56 (frame 1/33)

Ot -
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The amplitude of (x?)is very small in initial path,
but it become large in converged path.
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Potential energy surface

-3.46 |
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In a converged path, it appears that energy is not conserved.
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« Our research purpose is to describe spontaneous
fission from nucleon degrees of freedom.

- Time-Dependent Hartree-Fock (TDHF) method is
known as a method for microscopically describing the
dynamics of nuclei, however, since mean-field motion
Is classical, guantization of TDHF is necessary to
describe spontaneous fission.

« We quantized TDHF by periodic Imaginary TDHF and
calculated simple 1D systems.

« Investigate why energy is not conserved.
« Calculate the half-life in the 1D system and compare it

with the half-lives calculated using other theories.

14
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t=-56 (frame 1/33)
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t=-56 (frame 1/33)
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t =56 (frame L33}
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