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Correlation between fission observables
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Fission model



Fission model

Distribution of primary fission fragments are obtained at scission

Energy

Scission

Elongation
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Fission model:

Potential energy surface:
e Mic-mac model

A. Andrev et al., EPJA 30 (2006) 579.

Energy

e Deformation- and excitation energy-
dependent shell effects

AR et al, EPJA 60 (2024) 214.

®
A

. * The damping of microscopic correc-
;‘é tions is included consistently in the
F;,: PES and level densities.

[ —

Elongation




Fission model:
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e Mic-mac model
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Elongation

Transition rates and yields:

e Nuclear level densities:
pint(E*’ n) =

S p1(A1, 21, B, €)p2(A2, Z2, B2, E* — €)de.
Excitation energy, deformation and shell effects.
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Angular momentum distribution



Angular motion at scission

Q15 = (¢1,2,61,2,0) — orientation of fragments with respect to the lab. system
QLQ = (&1,2,71,2,0) — orientation of fragments with respect to the body-fixed

system
R= (R, 0r, ¢r) — vector connecting centers of the fragments.




Angular vibrations at scission

Kinetic energy (lg + 11 + 12 = 0):

R(h+h)y? R R PR R RPhb

T = - :
QMR% 2(\}1 2%2 2(\\):[11 2(\\511372 ,UR,zn
IiuR?
L ! m 2
= <L R,
S bi (\}i Mern M m

For large enough deformations (5; > 0.15) Potential energy:

. C C
V(Q21,8;) ~ 71 sine; + 72 sin e + Ciasin®e; sin® e, cos(v1 — 72)

122407+ 9Ce(0.65)




Angular vibrations at scission: vibrations of two independent

oscillators

Hamiltonian:

H= Hl + H2 + Hcoupl

'y Rl1 o o G2 i
H,':—L? |:8/ 85’6’88/ +8’23’y P 25/ (I:1,2)

Y 24 72
Hcoupl = MRlzz + Gpoé’ 1<€ %) COS(’YI - 72)
m

The eigenstates and eigenvalues of Hamiltonians I:I]_’z

En,-K,- = fM,‘(QI‘I,‘ =+ |K,‘ + l)

Ki
(e = N [ S < g (€2 K,
Gk (€55 7i) = Nk, K1 | &P T o2 n; exp (—iKivi)
€oi €oi =

w;i = (Ci/S6i)'?, 2 = h/(CiSpi)

Expansion in terms of spherical harmonics

(DnK 5/ 'Vl Zan,, WK )

J. O. Rasmussen, W. Nérenberg, H. J. Mang, Nucl. Phys. A 136, 465 (1969). 10



o doki(ei,yi) x exp(—iKivi) = Ki=-Kr,=K

o (€i,7i) — (m—e€i,vi + )

Symmetrized solution: - \%

O (€, 71) ~ Sniki (€1, i) £ b (m — €17 + )

o Vik(m—eivi+m) = (=1)1Yik(ei,vi)

d);K;(Ehryi): Z anf/foY/;,\K;I(va’yi)v

even [;

O (E0) = Y amik; Yi ikl (€0 7)-
odd

¢, k. is absent for the case of quadrupole deformed fragments.




Total wave function

1 2
Vo Kim ke = Z agl)Klafb)KzY/1,K1(511'71)Y/2-,K2(52a"/2)

evenl ,h

Enl,nz,K = hwl(2n1 + K+ 1) + hW2(2n2 + K+ 1)

Probabilities of various angular momenta of fragments are
independent on each other.

For example, for ground-state n; = n, = K1 = K, = 0:

. 1
SO = 2221 + 1) exp {—(/ ; )283,}

2
wi = (Ci/Sbi) /2, eor = h/(CiSw)
J. O. Rasmussen, W. Nérenberg, H. J. Mang, Nucl. Phys. A 136, 465 (196
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Stiffness parameters

7T 10272(0.7)+'9Ce(0.65)
Ci =F) [V(Rpolefneclm Ei = 5)_ V(Rpolefpo/ey Ei = 0)}

Ci _ C[Coul + CiN

Coulomb part:

2
leg & lez 25 )
Ve = e Z \/ = 2% ST R BiPa(cos £7)

Nuclear part:

2
Voverlap ~ml*Az

RiR»
“R+R

2
eV — _of FoiRozi ) 5
' Ro,i + Ro,j+i




Stiffness parameters: DNS fragments of 252Cf

C, MeV

Fragment Configuration

For 252Cf, « is determined by fitting
to a set of representative DNS con-
figurations.

o = —2.5MeV




Spontaneous fission of 2>>Cf




Main fission observables
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Angular momentum vs fragment mass
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Expt. data from: J. N. Wilson et. al, Nature 590, 566570 (2021).




of deformation i gular momentum generation

e Smaller g9; = more localized and 06

more bound configuration = the
maximum shifts toward larger an-
gular momenta and the distribution
broadens.

‘ullv(])‘E
o

e Larger g9 = a narrower angular 02
momentum distribution.

Aeo Al ~ R :

Deformation controls ¢y;, which in turn dictates the angular momen-
tum distribution.
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Decay-distributions of various DNS from SF of 2°2Cf



Correlations between TKE, < v > and A

)
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Expt. [1]: A. G&dk et al., Phys. Rev. C 90, 064611 (2014).
Expt. [2]: S. Zeynalov et al., J. Korean Phys. Soc. 59, 1396 (2011).




Scission configurations leading to **Ba fission fragment

144Ba +108 Mo :
14SBa +107 Mo :
14683 +106 Mo :
147Ba +105 Mo :

Different deformations — different TKE — different angular momenta~

nBa<1
1<”Ba <27
nBa<3,

<
<n8a<4

2
8

Zi AL P <m>2Z A B <m> T Yield
42 107 0.822 2 56 145 0.453 1 0.41 0.0676
42 107 0.793 2 56 145 0.414 1 0.41 0.0581
42 107 0.822 2 56 145 0.414 1 0.40 0.0526
42 107 0.851 2 56 145 0.414 1 0.40 0.0496
42 107 0.793 2 56 145 0.453 1 0.41 0.0461
42 107 0.763 2 56 145 0.414 1 0.39 0.0384
42 107 0.700 1 56 145 0.414 1 0.37 0.0364
42 107 0.668 1 56 145 0.414 1 0.36 0.0320
42 106 0.700 1 56 146 0.491 2 0.41 0.0319
42 107 0.668 1 56 145 0.453 1 0.37 0.0302
42 107 0.7626 2 56 145 0.4530 1 0.40 0.0292
42 107 0.8507 2 56 145 0.4530 1 0.40 0.0287
42 107 0.7000 1 56 145 0.4530 1 0.38 0.0280
42 106 0.7000 1 56 146 0.5284 2 0.40 0.0256
42 106 0.6675 1 56 146 0.4912 2 0.39 0.0198
42 107 0.8220 2 56 145 0.3730 1 0.35 0.0180




Scission configurations leading to **Ba fission fragment
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TKE distribution for various scission configurations
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The calculated total kinetic energy distributions for the decay from various scissiog
configurations leading to post-scission fragment *4Ba. Each TKE distribution (&

presented here is normalized to unity.



Spin vs TKE: Primary fragments
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Spin vs TKE: **Ba fragment of °>Cf SF:

72F HH Exp. 1
® Cal
701 O
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A
~
v 6.6 L4 °
6.4 1 °
°
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6 . . . . .
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Average spins (/) of post-scission **Ba (red circles) as a function of total
kinetic energy (TKE).

Exp. data (black squares) from N. P. Giha et al.,, PRC 111 014605 (2025):



Summary

e Our approach describes the evolution of a fissioning nucleus as a random
walk among DNS configurations, successfully explaining the correlations
between TKE, neutron multiplicity, and fragment masses in the SF of 2*2Cf.

e An analytical expression for distribution of angular momenta of fission
fragments is obtained.

e Most of energy available for neutron emission is stored as deformation en-
ergy while the excitation energy at scission is rather small and the excitation
of higher-lying states of collective angular motions is strongly hindered.

e The saw-tooth behavior of < v > and < | > is explained as due to
enhanced stiffness of fragments in the Sn region.

Thank You!




Spin vs TKE: 1Mo
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Degrees of freedom

At scission, the fissile nucleus is modeled as a DNS with fragments with masses A; », charges Z; »
in touching.

A +A =A

L+ =2
The fragments are characterized by axially-symmetric quadrupole deformation parameters (i ».
The vector R connects the centers of masses of the fragments.




Degrees of freedom

Qo(¢o, 0o, 0):
Euler angles of body-fixed system

A Xigy

with respect to lab system.

Zyg




Degrees of freedom

Qo(¢0,60,0):
Euler angles of body-fixed system

AX

lab

with respect to lab system.

Q1 (¢1,01,0):

Euler angles of intrinsic system of
first fragment with respect to lab

] system.




Degrees of freedom

Qo(¢0, 60, 0):

Euler angles of body-fixed system
with respect to lab system.
Ql(¢51,91,0):

Euler angles of intrinsic system of
first fragment with respect to lab

> system.

Zlab
Q(¢2, 02, 0):
Euler angles of intrinsic system of

wa second fragment with respect to
lab system.




Hamiltonian of angular motion in DNS: H=T + V

Kinetic energy:
G

T =
2uRZ 237 | 2%,

Angular momentum operators:

1 0 0 1 02
?=- inf— 4+ —— —— Y () = L(5+1) Y (9
! <sin0,~ 06, o 06, N sin®6; 8(/5,2) o 1Y () = (1) Yian ()

J1,2: moments of inertia of fragments.
r = R2: moment of inertia of relative motion.

&2

Potential energy:

V(R, 1, ) = V(R 1, 2) + Veou (R, 1, 2), Qi = (¢4,7:,0)

V(Q1,2,2) = Y Vagan(Rm) [Yao(Q0) x [Yau(Q1) x Y2, ()],
A0,A1,A2

00)



Coulomb interaction

Voo [ plr)ea(rd) o
coul € |R fr,— I’1| ridrp
2o t2ag) (1200 (8:)QL)(52) x ~
coul - Z 2)\1+1 12/\2+21)) R/\1+,\2+1 22 |:Y,\1(Ql) X Y/\Z(QQ) b

where

Q60 = [ 5amg [ i) Va6 6)dr = QPG (1= 1.2)

are multipole moments of the fragments.




Nuclear interaction

Double folding potential: (6. 6. Adamian et al., IJIMPE 5, 191
(1996).)

VN(R7§217§22) = /[)1(I’1)[)2(I’2)F(R + r, — rl)drldrg,

with the density-dependent forces (Migdal forces):
A. B. Migdal, Theory of finite Fermi Systems... (Nauka, Moscow, 1982).

FR+r—r1) = G (FM +F., (1 - M)) S(R+r—r),

P00 P00

Fin,ex = (fin,ex + f;':,yeXTl . TZ) + (gin,ex + g,',,,’ex'rl : TZ)UI c02
Co = 300 MeV fm?, £, o = 0.09(—2.59), f/ _ = 0.42(0.54)

s linjex

po(r) = pa(r) + pa(r).
Densities are in the form of Fermi distribution.




Potential energy
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For a given total angular momentum / and its projection M, Hamiltonian
is diagonalized on the set of tripolar spherical functions.

[iO X [il X i2]i12] (1,M) = [Yio(QO) X [Yl1(Ql) X Yl'2(Q2)]i12](/ M)
= Z C/é%g,llzmlz CllllrznTlfzmz lomo(QR) I1m1(Ql) lzmz(QQ)

momymzmi2

1bfl\/l - Z al,'(T)ilizl'lz [’0 X [Il X i2]i12](IM)

ioi 22

Plioiniz) = >, |aiyi,irirp |°: Probability that angular momentum of first
fragment is /1, of second fragment is iy, and relative angular momentum

is fo.
1/2

Yo = Z/ P(lohl) i=0,1,2
Iolllg




Basis for spontaneous fission

For spontaneous fission of even-even nucleus | = M =0 — i1 = iy

q/)n = Z a,f;,-l,-z [io X [il X i2]’-0](00), ™= (—l)l1+|2+|o

foirf2

Bending mode: [0 x [/ x ilo](oo) Wriggling mode:

[2i x [/>< i]2,.](00)

Modes of independent rotation of fragments

Qe -

[i < [i % 0];](00) [P [0 % I']"](OO)




Excitation spectrum of angular vibration

(a): 1922r(0.38)+'59Ce(0.24) (b): 1°22¢(0.7)+'%°Ce(0.7) (C): 1922¢(0.7)+1%°Ce(0.24)
B, (MeV) W (w0 BMY) &) ¢ Ex (MeV) (w0
5.16 ( 1201 1149 1266 P 002) 1192 977 1375
382 984 1030 13.02 4.99 1063 1202 1468 = i 4 :
378 972 1018 1318 4% 1073 1272 1483 44 (1.10) 1115 966 13.78
4381 911 1293 1626
o) 461 737 1374 17.93 050
337 _— ©O11) g1 1155 1284 386 03.0) 6.76 13.06 13.50
(0.1,1)
298 020 584 1244 1241 8e 897 1088 1331
3.07 (.00 1111 568 1160
(1,0,0)
220 — (00 964 506 1083
257 ——020 57 4194 1261
260 1051 858 9.65
o1 001) 41 1074 ©00.1)
9 803 841 10 247 890 1022 1252 221 932 7.95 11.29
222 —O0 641 1203 1401
147 01,0 576 1013 1059
1
15 —O10 g6 956 1075
0,00
0 0.00) 567 593 7.65 0 0.0.0) 622 748 889 0 (0.0.0) 661 560 801

Enl,nQ,R :hw1(2n1+|m +1)+hw2(2n2+ |R| +1), wj = C,‘/(\‘Sb7;

%b,i = (1/%0 9P 1/%,‘)_1 = s
T. M. Shneidman et al., Phys. Rev. C 92, 034302 (2015).




Potential energy

Since potential energy does not depend on rotation of DNS as a whole:

V(R, 1, 0) = V(R, Q1,2) + Viou (R, Q1, 2)

Q1 = (e1,71,0)

QZ = (5277% 0)

2 V & =
Vi, t) = 30 TR vy (@) < Va()]
0

VAT [Y3(820) X [Ya (1) X Yoo gy = | Yau(Sh1) x Vi, (@2)]

(00)




Excitation spectrum of angular vibrations

—0.101725%(0, 2, 2)—0.108491¢(2, 0, 2) — 0.106035%(2, 2, 0)
40.119896¢(2, 2, 2)—0.141349¢(2, 2, 4) — 0.134025¢(2, 4, 2)
40.112269¢(2, 4, 4)—0.121231¢(2, 4, 6) — 0.111581¢(2, 6, 4)
—0.1238044)(4, 0, 4)—0.1556871) (4, 2, 2)-+0.1304394)(4, 2, 4)
—0.1408921)(4, 2, 6)—0.1147251)(4, 4, 0)+0.1236761(4, 4, 2)
—0.115071¢)(4, 4, 4)+0.1049444)(4, 4, 6) — 0.1093221)(4, 4, 8)
—0.122945v) (4, 6,2)—0.1154174(6, 0, 6)—0.163903% (6, 2, 4)
+0.1203634(6, 2, 6) +

Bending mode Wriggling mode
Ps 1

Modes of independent rotation of fragments

Qe C Y

Energy (MeV)

4.55

4.21
3.93
3.9

3.62

22
1.95

A <y <>

6.43 13.01 11.81

8.42 1246 13.11
9.98 11.44 13.98
9.94 1123 13.76
11.13 9.47 1419

1210 6.75 13.83

6.21 11.15 10.52
811 9.42 1155

9.72 6.72 11.63

578 6.65 8.00
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Two independent oscillators

¢g;K;(€i7 vi) = Z an;liK; Y/i’\Ki\(E"’ i),
I,

i

where

o = (1) [ EE DO KD\
it = (=1) (n;!<n,-+|f<,-\)!(/f—|K,-|)!>

1 1) 1
x el exp (—2 (/,- + 5) E%) Ly {(/i + 5)2502} '

Keeping in mind that
Yi,(m — €i,7i + ) = (_1)/i Yik; (€is71)

¢J,,K Eiy Vi) Z antik; Yi ki1 (€0, %) G (€, %i) = Z anik; Vi, k1 (€15 7i)-

even [; odd

The states with 7 with respect to reflection contain only excitations of fragments with
even angular momenta, while the 7~ contain only excitations of fragments with odd
angular momenta. Since we assumed the fragments are only quadrupole deformed their
yrast excitation spectrum does not contain states with odd-/. Therefor, the functio
qb;_Kl_(s;,'y,') are identically equal to zero.




Evolution of fissioning nucleus after crossing the fission barrier

The evolution of DNS distribution in time is described using the master
equation:

n= (ZlvA17/81aZ2aA2a162)'

dP
W) = S AW P — S Aln)P(n) — Ag(r)P(n)
n’#n n’#n
P(n) — Probability that the system is in the state n.
Po(n) = P(n,t = 0) — Probabilities of initially-formed DNS.
A(n|n") = Transition rates for switching from n to n’.

Ag(n) — Decay rates.

The distribution of primary fission fragments

Pt(n[Z1, Ax, b1, 22, Az, 2])

is obtained with Monte-Carlo technique.




Transition rates

The transition rates are expressed in terms of the microscopic transition
probabilities and of the level densities of the final state.

A(n|n") = Now p(E}, "), A(A'|n) = Xy np(E;r, n)

Antn = )\nn’ - )\(I)/\/ p(n/)p(n); = (m‘a"ﬂ)

/\d(n) = )\dps_p,(E}k — VB7 n)

e {1/4/p5,p,(n)p(n), if (E* > V)

0, if (E* < Vpg)

L.G. Moretto and J.S. Sventek, Phys. Lett. B 58, 26 (1975).
G.G. Adamyan, A.K. Nasirov, N.V. Antonenko, R.V. Jolos , Fiz. Elem. Chastits
At.Yadra 25, 1379 (1994).




Level densities of DNS

The intrinsic level density (LD) of DNS:

pint(E*7 n) = /Pl(Al-, 71, 1, E)pz(Ag., Z>, 3, E* — g)dg,
The LD of DNS fragments is calculated in superfluid formalism.

The DNS level density is obtained as a folding of intrinsic LD and the
density of collective states:

p(E*7 n) - ZPInt(E* - E>?7 n)'

P. Decowski, et al., Nucl. Phys. A 110, 129 (1968).
A. Bezbakh, et al., EPJA, 52, 353 (2015).
A. Rahmatinejad, et al, Phys. Rev. C, 101, 054315 (2020).




Choice of distribution of initial states

We choose the systems whose mass quadrupole moment lies in the interval

of 10% around the value of quadrupole moment of ellipsoid with axis ratio
a:b.

Qe/lips ) e Probability of each DNS
>, ~a:b
Po(n) ~ P(”; E" = Ucomp - UDNS)

® Quadrupole moment of DNS

AA
Q(n) =2 lA 2R2+ Qo(Ar, B1)+ Qa(Az, Ba)

Various calculations show that nucleus can be
presented as a DNS around Q5" ~ 3 : 1.
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1i A. V. Afanasjev et al., Phys. Scr. 93, 034002 (2018).
Q ~ Q" +10% [AL)
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