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Macroscopic model of sub-barrier fusion and
spontaneous fission

Macroscopic (collective) variables: {ﬁi,pi}

1 .
H = EZ BY(B)pipj + V(L)

i=1,-M

Quantization: H » H

Asymptotically, the variables g should describe
- Shape d.o.f.

- Relative motion between two fragments ‘ -————— ‘




Relative coordinates vs Shape variables

* Low-energy nuclear reaction (fusion)
* From relative motion between two nuclei
* Into motion in shape and rotational d.o.f.
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The relative coordinate R or the shape parameter 5 ?




Relative coordinates vs Shape variables

* One-to-one correspondence: Point transf: R(B), B(R)
The relative coordinate R can be a possible choice

V(B) =V(B(R)) =V(R)
\
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The choice, R or 3, influences the inertial masses




Mass & scale of coordinate

* A particle moving along x axis

- L= %mxa'cz —V(x)

* Looking at the motion in X axis

— Scale transf.: x = aX
- L=-myX? - V(X)
- VX)) =Vv(aX)

me

— my =«




Mass & choice of coordinate

» A particle moving along x axis e
- L =—mui? - V(x) x\’él

- Looking at the motion in X axis 2’ X
— Point transf.. x = f(X) = X/cos# ,/’
- L= 2mX? — V(X) gl
- VX)) =V Equivalent description with X and x
- M = ey my depends on the choice of X.

6 — /2, the coordinate X is no longer valid.



Macroscopic reaction model at low energy

One-to-one correspondence in collective variable: f < R

{1d 1 d L(L+1)

_EdRM(R)dR+ 217 +V(R)}1/JL(R)=EL¢L(R)

* Microscopic construction requires
— Determination of reaction path
— Calculation of the potential V(R)
— Calculation of the mass M(R) & M.o.l I(R)




Adiabatic Self-consistent Collective Coordinate
(ASCC) method

TN, PTEP 2012, 01A207 (2012)
TN, et al., RMP 88, 045004 (2016
ASCC method ( )

* microscopically determines a collective subspace (reaction path)

« produces collective potential V(R) and collective inertias
M(R),I(R)

Requantization on the collective subspace leads to

d 1 d _ LL+1) B
{_dRZM(R)dR+ 21(R) +V( )}‘/’L(R)—ELIIJL(R)




Finite amplitude method for collective mass

Wen, TN, PRC 94, 054618 (2016)
Washiyama, Hinohara, TN, PRC 103, 014306 (2021)
TN, Hinohara, EPJA, in press
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* For a given (intuitive) one-body operator: X
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« Respect symmetries by inclusion of residual effects




Energy density functional

E[p] = : d d §t 2 it 3(r)
[p]—/%r(r) r+/ r) glop (r)+163p r

N f / drdr’p(r)v(r —x')p(r’)

3 3
V + —tgpo(r 02 (r
(1) +4op( ) + TR (r)

hyp(r) = =V

/ / /)
T / ar v(r - T ),O(I' ) BKN functional

PRC 13, 1226 (1976)



“Fictious” fission of °°Ne
a-1°0 fusion (alpha reaction)




Ground state
of 2°Ne

V(R) [MeV]

V(R) (m"/m=1)
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20Ne: Inertial mass for relative motion

Mass [nucloen mass]|

IS5}

10

0

Strong increase in the mass

1 near the ground state of “°Ne
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M(R) — 3.2m = Ureq



Effective mass

* Velocity-dependent potential
* Nucleonic effective mass

— ™ _0.7-08

m

* Does this affect the inertial mass?
— For CoM translation, M = Am (# Am")

Recovery of Galilean invariance




Energy density functional

1 3 1 BKN functional
E —1(r)dr dri -t r — 13
[p] = f T(r) +f {8 00> () + 1307 (r )} PRC 13, 1226 (1976)

// drdr’ p(r)v(r —r')p(r’)

+ B3 f dr{p(r)T(r) —j*(r)},

3 3
+ Ztop(r) + —t30°(r)

h — _V
HE(r) o T3 16

+ fdr’v(r —1')p(’) + Bs[t(r) + iV - j(r)]

+2iBsj(r) - V,

B;=0 - m'=m
B;>0 -» m"<m



Failure of Cranking formula
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Recovery of Galilean invariance

_, Z |(n|px|])|2 Inclusion of residual interaction
B (time-odd mean fields)
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M(R) (m*/m<1)
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I(R) (m"/m<1)
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Ground state of 20Ne




I(R) (m"/m<1)

1 Cranking formula

_ [(nlfx /)2

nep,jeh
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I(R) (m"/m<1)

d I(R) = Iieq
] at large R

5 5.5 6 6.5 7 7.5 O XK=
R [fm]

I(R) decreases with R (R < 5.5 fm)
[(R) = Irigiq Transition from Igiq tO /;eq




Quantum effect

Quantum spherical systems: I =0 (Vanishing Mol)

Iml I(R) — Ired(R) +1; + I,
AR mim,
\mz [req(R) = upR* = R?

m; +m,

I;: Mol of nucleus i w.r.t. its CoM
mq o my
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Moments of inertia (HO potential model)

Bohr, Mottelson, Nuclear Structure Vol.2
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Decreasing function w.r.t. deformatlon
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Alpha reaction: %0 + a

Synthesis of 2°Ne

Fusion reaction:
Astrophysical S-factor

o(E) = %P(E) x S(E)

B, = 25 MeV fm°®
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160 + 180 fusion reaction
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Strong fusion hindrance due to dynamical change of the inertial mass



Collective mass for fission of 24°Pu

Washiyama, Hinohara, TN, PRC 103, 014306 (2021)
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| Collective coordinate

= Mass quadrupole moment

Strong enhancement over
the cranking mass

4

Increase of fission lifetime

'| by several order of magnitude




Reduced-basis method
N. Hinohara, X. Zhang, and J. Engel, in preparation

Application to calculation of collective mass
Using solutions of the finite amplitude method for n different frequencies wy,
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summary

* Self-consistent description of fusion/fission
* Reaction path affects the inertial mass

* Effective mass: Clear failure of the cranking formula
*\Vanishing Mol in spherical nuclei (quantum effect)

* Strong reduction of astrophysical S-factor and fission
probability (fusion/fission hindrance due to mass effect)

* Developments in RBM
K. Wen, TN., Phys. Rev. C 105 (2022) 034603; Front. Phys. 8 (2020) 16

Washiyama, Hinohara, TN, PRC 103, 014306 (2021)
Hinohara, et al., in preparation



