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» "equation of state"(EOS): energy/nucleon vs. density

e(p,T) =er(p,T) +ec(p, T =0) + &0

thermal compressional ground state energy

» nuclear equation-of-state at T=0: the "compressional" energy
1
B/A(p.T=0) = [U(p)dp

» U(p) density dependent local potential

) P=pPo

» constraints e(p = pg, T ) =—16 MeV
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» compression modulus k
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self-consistently
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Machine Learning Research on Nuclear Mass ¥

The Lightgbm-predicted Residual 6(Z,A)

» All four mass models can provide
satisfactory corrections.

» The correction for the droplet model
can identify the magic numbers near

8(Z,A) (MeV) the driplines.
2.5
0.0
______ Opre LDM DZ WS4 FRDM
Wsa -2.5 2462+0.023 0613 +0.007 0.302+0.003 0.599 +0.009
N. N. MA -5.0 RBF by Wang [11] - - 0.170 -
""""""" LDM_Igb Y KRR by Wu [40] - - 0.199 -
AME2016 G RBFs by Ma [59] - - 0.130 0.209
E 29 Training set LMNN by Zhang [39]  0.235 0.325 - 0.348
| o o BNNby N (27] - - 0.176 0.187
j oy a pore - [Ree by Canint ] RBFoe by Niu [41] - 0.171 0.140 0.182
T T NN by Utama [25] 0.466 0.274 - 0.342
,:; o - M NN by Pastore [58] - 0324 - -
é’ 0.3 B b Trees by Carnini [44] 2.070 0471 - -
5’ M M LightGBM in this work  0.058 £ 0.011 0.066 +0.010 0.055+0.011 0.077 +£0.013
wn § ] z Test set LMNN by Zhang 0.256 0.329 - 0.368
0.2
5 BNN by Niu - - 0.212 0.252
Vb ? ‘@‘ 0.1 | RBFoe by Niu - 0.344 0.337 0.218
NN by Utama 0.486 0.278 - 0.352
0.0l L. NN by Pastore - 0.358 - -
) LDM DZ WS4 FRDM Trees by Carnini 2.881 0.569 - -
LightGBM in this work 0.234 +£0.022 0.213 £0.018 0.170+0.011 0.222+0.016

Nucl. Sci. Tech. 32, 109, 2021
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Table 2 Selection of characteristic quantities

Feature Description
A Mass number
Z Proton number
N Neutron number
NIZ Ratio of neutrons to protons
Biom Theoretical value from the LDM
Npair =0,1.2 Dependence on pair effect;
for odd—odd, odd—even, even—even
Zn=12,... Shell of the last proton;
for 8 <Z<20,20< Z<28, ---
N,=12 Shell of the last neutron;
for 8 < N<20,20 < N<28, ---
|Z = m| Distance between proton number
and the nearest magic number;
m € {8,20,28,50,82, 126}
N = m| Distance between neutron number

and the nearest magic number;
m € {8,20,28,50,82, 126, 184}

Proton number

Nucl. Sci. Tech. 32, 109, 2021

LightGBM (Light Gradient Boosting Machine)
developed by Microsoft in 2016

Btl‘? - Bexp
_ (MeV)
1004 s
training data size: 20% . ;: .,: ’
801 o f':"* 0.4
L‘l -'\.r -
604 m;*-
p‘-"’“’f{*“
40 ol 0.2
ek
T il
201 :I.'r“.:’,‘.“{'
o
Q —0.0
K] wt -
100 1 CoLet i .
= o i
80 e T Pt el i ol
LA ek Lt bE B
60 e T R Y
e s AR N
i'f' L ; __‘_,t. I i
‘} T | et : A=
40 godmt testdata size: 20% ] i ,_E'ul-_-, * 'test data size: 20% - feefn test data size: 20% -0.4
jattass | Opre = 2.423 MeV/ -*-1-'.-.-{ i Opre = 2.423 MeV i=dtare Opre = 2.423 MeV
20] e Opase = 0.496 MV | it Opost = 0272 MeV | 1% Opost = 0.233 MeV
ap Dl T
ﬂ (@ (©) ()
25 50 75 100 125 15 O 25 50 75 100 125 150 0 25 50 75 100 125 150

Neutron number
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Phys. Rev. C 109(2): 024604 (2024)

Table 2. Test set.

System Data energy range Ref.
Table 1 — continued from previous page :
System Data  Energy range| System Data Energy range| System Data Energy range pomts (MEV}
points  (MeV) pointts  (MeV) pointts  (MeV) a5 130
TO+TYL 15 59-89 Mo 11 7391 TSHTPd 5 80-90 Cl+ ' Te 16 90-125 [70]
GOy 35 G283 ST (R 7291 By plpg g 79.95 37T + 180mg 17 90-125 [71]
6o4Mpy 12 66-98 g gy g 7791 g4i0pg g 7995 370 o 68y 11 60-90 79
B0O40%PL 38 65-110 B54MRy 6 80-91 $6g L 20py 2 138-170 T n [72]
BOLWB 14 7195 sg iRy, g 76-92 wg ey g 147173 160 + SINj 8 25-41 [73]
BOLHETE 12 70-150 FgLMRE 8 7802 MOMMg 12 25.35 18 61T -
R T A P 80-157 2g4104pg g 81-92 04N 12 26-36 O+ "Ni 16 25-41 [73]
Topgy 25 54-00 R FRLL T 7792 TOLME 12 26-38 Bo 4 92N 15 25-49 [73]
Bo4Moa 17 19-43 g tpg 5 81-92 CICo 13 55-71 18 116 =
BO4MGe 2 30-50 g lEpg 7 80-92 TCHGe 12 62-76 O+ . Sn 21 40-75 [74]
':0+”§Sn 17 4278 :jS+‘":Pd 8 79-92 :c1+:c:e 14 63-77 3051 + 156Gd 14 90-116 [75]
BoptEsy 17 4479 g 10pg g 78-93 IO Ge 12 63-77 28c: , 100
BOLg 17 4479 g LR, 13 99-135 TG 9 63-75 3%’ + ‘0 Mo 13 65-98 [76]
Bopegy 7 73113 agLlgy g 101-128 TOHTGe 14 6276 S + “"Ti 23 40-60 [77]
BO4EPL 18 68-05 g 182y 15 122-170 SO ND 7 81-93 36 51
O Mo 7 82-95 OCa+pr 31 150-200 NI+ Fe 2% 85-110 ) S+ QV 22 40-60 [77]
O 00M, 8 8395 0Ca Ay 10 162223 ENIENG 17 95-109 120 4 18wy 14 40-80 [78]
WAps2gy 15 96-126 OCa+BpL 5 169-208 SENi+HNi 27 80-110 12 184
Oarstsn 14 95-128 BoarBoa 29 16-63 BNi+'*sn 1 143-162 HC - 1ssw 14 40-80 (78]
VARG 17 94130 BOazr 33 9115 HNiPSND 23 89-107 C + W 14 40-80 [78]
OparsMgm 11 116-140 Bat®zr 38 88-113 HNi+Hen 11 144-170 40 92
A4S 12 112-150 BatrSm 51 125-192 g pd0oa 22 107-150 iR Ca +“ GZr 16 89-108 [79]
WAL 15 108145 BOapTAu 8 164-245 W20 15 109-136 Ca + ~°Cd 20 104-130 [80]
40, 40, 48, 208 134, 40
Cat®Ca 15 49-70 Cat+2®PhL 5 171-206 Te+¥Ca 10 115-140 48 118
OCapMCa 15 4TS BTL%F 97 64-85 gy Boy 13 109-170 . SCa . mSn 16 104-130 (80]
BCa T 25 5480 BTN 1 7291 ety 12 109-170 Ca + ""Te 10 104-130 [80]
40, 48 A8 Glpgs 132, S8a:
Cat®Ca 14 48-67 Ti+*Ni 15 7293 Su+™Ni 10 152-200 ;
BCai BT 28 5382 WTLENG 18 71-96 RGN g 147-200 Total sy stems 18
OCatOTi 30 53-83 STHND 18 71-96 WSPL4MN T 109-190 Total points 280
“OCatNi 21 67-05 T80 19 121-160 SO} 207y 8 100-118
“CatNi 23 63-94 SOTIHONT 14 72-91 “OCa™0s 37 151-200
“DCatZr 40 90-120 STiHPND 10 100-120
WCatMzr 59 88-115 OTiHYND 9 100-120 Total systems 220 1 H
Toasstens 20 The test set system is not included
Data from Atom.Data Nucl.Data Tabl. 114 (2017) 281-370 « e-
Print:*1504.00756 [pucl-th]
Name Data points
220 systems ]
Name Data points
test set 280
training set + validation set 3635 18 systems

21
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Table 3. Selection of basic features (BF).

features Description

Ec.m collision center-of-mass energy (MeV)

Z charge of the first reaction partner

Ny number of neutrons of the first reaction
partner

Ay mass number of the first reaction partner

Lo charge of the second reaction partner

N3 number of neutrons of the second reaction
partner

As mass number of the second reaction partner

Zs charge of the compound nucleus

Na number of neutrons of the compound
nucleus

Asg mass number of the compound nuecleus

B binding energy of the first reaction partner

Bs binding energy of the second reaction
partner

Bs binding energy of the compound nucleus

Q fusion Q-value (MeV)

Sp one-proton separation energy of the
compound nucleus (MeV)

Sop two-proton separation energy of the
compound nucleus (MeV)

S one-neutron separation energy of the
compound nucleus (MeV)

Son two-neuturn separation energy of the
compound nucleus (MeV)

N
1
MAE = < Y 1 108,(0prea) — 10g,9(Gexp) |

i=l

Table 4. Physical-informed quantities

features Description
sig. ECC log,, of CS obtained by ECC model
sig W log,, of CS obtained by Wong formula

sig B

ZIZQ/Ec.m

. Ratio of training size to validation size = 4:1

100

Table 5. Different modes with different input features.

Mode name Input features
Mode BF BF

Mode ECC BF +sig ECC
Mode W BF+4sig W
Mode E BF+4sig E

ECC

Mode_ECC |
Mode_E
1 Mode_ W

. Mode BF

Table 6. The average MAE on the validation set obtained
from different modes and from Wong formula and ECC model.
The ratio of training set to test set is 4:1.

’J
-

Model MAE

Wong Formula 2.38 + 0.09
ECC model 0.154 + 0.008
Mode BF 0.129 + 0.007
Mode ECC 0.068 + 0.004
Mode W 0.081 + 0.005
Mode E 0.081 + 0.005

—
L e —— — = =T}
-

0.06

0.08 0.10 0.12 0.14 0.16
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[Mechine Leatning Research on Fusion Cross Section|  Comparison of Mode_E and DC-TDHF (1

35

40Ca+"8Ni

30

25

20

15}

—_

logo(o)

S
— 3.5

0
=

S

<)

3.0F

25¢F

—— Wong t Mode_BF 20 B
~+- Mode_E { Exp
-4 Mode_W

1.5F

307 115 120 125 130
Ec.m (MeV)

: 1ob—=+ - '
Name '8SYSt€MS pata points 70 80 90 100

E.m. (MeV)
[1] Physical Review C, 105, 034601 (2022)

test set 280
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ERTAE Nucl. Sci. Tech. 36(10): 194 (2025) AR{EFIIEERETEER SIS AR

Reaction  E.,/Vg New Fann Fop  Ref Reaction Ecm/Ve New Fann Fop  Ref

Bayesian neural network

SLi+%Ni  0.85-2.06 15 0.87 0.88 [41] Li+'¥®Tb 1.07-1.66 5 071 073 [57]
bLi4%7r 082165 &  0.67 07 [17] TLi+'®Ho 0.86-1.69 10 079 0.74 [15] 1
fLi4%Zr 0.89-1.68 5 052 049 [7] TLi+'9Au  0.81-1.50 8  0.84 086 [50] ]
fLi4%7r 090158 7 077 077 [42] TLi+'%pr 079152 6 072 077 [58] /‘"r_ 1
fLi+'?Sn  0.74-1.32 13 078  0.81 [43.44] TLi+*T1 0.82-1.31 10 077 074 [59] i IBe+H0Y
SLi+'¥Sn  0.83-1.70 15 072 0.66 [45] TLi+2™Bi  0.83-1.67 21 075 0.77 [53] SLi+!*Th ¥
SLi4i¥gm 0.79-1.58 11 055 0.54 [46] YBe+8Y  0.83-1.39 15 078 075 [60] 29
SLi+'2Sm 0.80-1.60 20 0.63 0.62 [47] ‘Be+*Nb 0.85-1.45 7 0.85 090 [61] 10p +.5qu.!
SLi+'¥Sm 1.04-145 6  0.64 071 [48) 9Be+24§n  0.90-1.33 13 073 075 [62] SLi+2%ph ]
SLi41®Th  0.87-1.50 13 0.65 0.66 [49] 9Be+'*gm 0.80-1.31 10 092 094 [63) ——
SLi+'%Au  0.84-135 16 0.61 0.60 [50] 9Be+'%Tm 0.93-1.33 12 078 0.80 [64]
SLi+1%pr  0.67-1.14 10 075 075 [51] 9Be+18Ta  0.94=1.34 13 066 068 [65]
6 i42%pp  0.92-1.28 20 0.67 0.69 [52] 9Be4+S0  1.08-1.40 4 059 0.57 [66]
SLi+2™Bi 0.83-1.53 14 0.65 0.68 [53] 9Be+"¥"Re 0.93-1.28 12 075 076 [64]
TLi4™Ni 0.87=2.06 16 090 090 [54] 9Be+97Au  0.83-1.17 12 078 070 [67]
TLi+"Nb 1297163 4 075 0.75 [55] Be+0ph  0.88-1.24 16 0.78 0.79 [53)
Li+'¥n 072130 15 093 094 [43.44] “Be+?™Bi 0.88-1.21 19 098 098 [52]

TLi+'®sn  0.79-1.86 23 071 073 [56] WR415TH  091-1.66 16 0.87 087 [57] 0F =
TLi+'MSm 0.88-1.59 14  0.63 063 [18]  B4+™Bi 1.06-1.44 5  0.88 0.89 [68] PR S P RN PR PV U S S S S
Lisl%Sm 081-1.61 16 066 069 [18] 15 20 25 30 35 40 45 50 55 60 65 70
- E., (MeV)
ORNN exp o
FBNN = or Fexp = E]
OBPM OBpPM
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Each collision between the projectile nucleus
and the target nucleus is called an event. Due
to the initial state fluctuations of the atomic
nuclei, random nucleon-nucleon scattering,
and other factors, even under exactly the
same initial conditions, the values of the final
state observables will be different. In current
research, the average value of multiple event

observables is generally the focus of attention.

In fact, both theory and experiment can
obtain information about the observables
event by event.

Event-by-event analysis has been widely
employed in the field of relativistic heavy-ion
collisions to obtain information about critical
points.
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Artificial Neural Network
(ANN)

lvalasr  {lvallaos " {valos

Observables Training and testing of machine learning models 26



lll. Results on EoS

. . . Au+Au 0.25<b,<0.45 u,,>0.8 free protons
the in-medium correction factor it ittati. Sxnethae

0.5 « Z'Z’I'I-?I'I-Z'I-I-Z'Z’I'I-I’Z'Z'I‘I'Z-Z'I".'If&l‘?.‘."ln’!{i-3‘

T 4 A J

o™ = F(p.p)- o oAl A .

S 03] v T "

7 (o p)={fu’ Gy, e 02] o -‘

’ At(1=n)e fP0 —fp < . q

+ fo. pnn =1GeV/c. - :

TH(PNN/POF 0.1 <(a)' FOFI fixed F(E,)| |

0.0 — 0.09A GeV | | E -

0.084®) 0.25AGeV | | - “

) 0.6A GeV [ v q

2-o confidence limit 0.044 % ’

b 4 - 4

Ein (AGeV)[ 009 015 025 04 06 08 =606 & e )
fixed ' | 0.32 057 076 086 087 087 | T, "

error | 10.07 10.06 10.06 10.07 10.10 10.09 A e T

-0.08 - T‘f-'-.'-f-’a’-f-f-?-f-'-io?f-'-.’-.'a'of-f-'-?-?-f-.’o.’-‘.*}.’{&??-;

\ Machine learning further 02 94 mf.{& (f)re8e 0
=0 | / O'e'
reduce the error © 27

Phys. Lett. B, 828: 137019 (2022).
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EoS

Initial state

*

= UrQMD P Observables

132G + 124G
E., = 0.27 GeV/nucleon

F=04-08 (HiitR)

v

——— e e EE—— E—

Features Description

N, Yield of proton

(E1)p Transverse energy of proton

<pt >p Mean transverse momentum per nucleon
of proton

(Rp)p Ratio of transverse momentum to
longitudinal momentum of proton

\ N Ng Yield of deuterium
- (E1)a Transverse energy of deuterium
-~ - <pt >d Mean transverse momentum per nucleon

of deuterium

(Rp)a Ratio of transverse momentum to

longitudinal momentum of proton

28
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Fpred

oo

o

o

13254 + 12454 E|,, = 0.27 GeV/nucleon bg = 0

" (a)

< (b)

’”

Il! 1y
52 " MAE = 0.038

10 event—summed

L i | t.
MAE = 0.028 MAE = 0.021 }
i : 20 event— summed_ 40 event— summed
0.4 0.6 0.80.4 ‘0'6— —0:
Ftrue

training data

1 event 40 event-summed g0-125
SM £ sml 0.021  0.040 |[§0-100
=
& 0.075
=
HM S HM; 0052 0.019 ||, 450
test data test data
SM: K, = 200 MeV

HM: K, = 380 MeV

When the average of a small number of events is used
as the observables of the sample, the influence of
fluctuations is significantly reduced and the error is
greatly decreased.

29



lll. Results on EoS

132gn + 1245 E|,p, = 0.27 GeV/nucleon bg = 0

(EL)p
(Rp)a

(Rp)p

(E1)dg
<Pt=p7
Ng

<Pt>d

0.0

0.2 0.4 0.6
Feature_ importance

T

0.8

(EL)p
(Re)d
(Re)p
Np
(E1)d
<pt>p
Ng

<PpPt=d

e aeedl)-

H

-0.05 0. 00 0.05

High

Low

SHAP value (impact on model output)

v' The contribution of each
input feature

v Sorting of
observables

v Presenting the positive and
negative correlations
between observables and F.

sensitive

Feature value
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Constrain  multiple  parameter
distributions from multiple
experimental data simultaneously.

Thomas Bayes

PO | Yexp) X P(Yexp | 0)P(6).

{ & Transport model

calculated
Posterior Prior obsersElES
Likelihood Valldatlonti Training
The prior Gaussian ;
of EoS * process * iredlcﬁid
parameters emulator observaples
2 $
(Vi — i)
p(yexple) X exp(_ 2 ) Observables . The posterior
2 52 ' Bayesian £ EoS
i i experimental 9 anaiT * ol
vt a Sl parameters




lll. Results on EoS

9780y + 197Au Ejgp = 0.25 GeV/nucleon

KB o cscon L[
incompressibility K, (MeV) N(240, 60?) 0.300f U0 208 Uro 2 0.8 lo.575
. §70.275 {0. 350
effective mass m*/m, U(0.5, 0.95) :
0.250} {0.325
the in-medium correction factor F U(0.6, 1.0) o251 At 10300
{0.275
0 200 550,450 0275 0300 0325 0900 0.325 0350 0 375 0, 400
vfﬂ!e vfI'IJE
FEiap Observable impact parameter w0 cut value = =
0.25 V11 bo < 0.25 uto > 0.8 0.2340.01 0.040F  py < 0.25 0.25 < by < 0.45 %9
0.25 < by < 0.45 uto > 0.8 0.37£0.01 oozl Ut > 0.8 Urg > 0.8 10. 08
0.25 —v20 bo < 0.25 uro > 0.8 0.026+0.001 EE 1o 07
0.25 < by < 0.45 uso > 0.8 0.046+0.005 > 0.030f
0.45 < by < 0.55 wuzo > 0.8 0.06440.002 10-06
0.025}
0.25 vartl bo < 0.15 —= 0.89140.041 10-05
0.4 v11 bo < 0.25 uto > 0.8 0.31£0.01 00205025 0030 0035 0040 005 006 007 008 009
Observables 0.25 < by < 0.45 wo > 0.8 0.450.02 vige i
experj_menta]_ bo < 0.15 uio > 0.4 0.23£0.01 105
1 bo < 0.25  wp > 0.4 0.2840.01 ol Bo<ots
value 0.25 < bo < 0.45 uzo > 0.4 0.3940.02 '
0.45 < bp < 0.55 uto > 0.4 0.43+0.01 3 095
04  —vao bo < 0.25  wy > 0.8 0.04140.002 5
0.25 < bp < 0.45 uto > 0.8 0.075£0.005 0.90
0.45 < bp < 0.55 uto > 0.8 0.111£0.002
0.25 < by < 0.45 uio > 0.4 0.054+0.003 0.85

04  wartl By < 015 — 0.95520.045 0% 095 100 32

vart/‘e
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Ko =234.86%2282 (MeV)

Eiap = 0.25 GeV/nucleon

m”™/me = 0.7813%
1

Prior
Il Posterior

F=0.75%33¢

Ko (MeV) m* /Mg F

*

m /mg

Ko =226.65

+55.65
—50.42

(MeV)

The po
EoS p

Eiab = 0.4 GeV/nucleon

m*/mg = 0.88%3:3

Prior
Il Posterior

F = 0.88+305

AV
Ky (MeV)

Q © Q > v S v Q D ©
SR P PN NP PN N
*
m-/mg F
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Au+Au E,,=0.25 GeV/nucleon ug > 0.8 o Posterior
bo < 0.25 0.25 < by < 0.45 0.45 < by < 0.55 :
(=) W i ) N E.., = 0.25 GeV/nucl
0.4 m*/mg=0.7 0.4 0.4 0.90 lab — . e nucieon
— m*/my=0.8 0.85
0.3t — m'/my=009 |03} 0.3f
S —— m"/mg=0.95 0.80 _ .
Foz on |02l E== 02 K2 Ko = 234.86%35:8 MeV
0.1f E%é. 0.1} ' 0.1} 0.70 * - +0.09
—— . m/my=0.7857g
0.0t , , , 0.0t , , , 0.0t , , ,
200 250 300 350 400 200 250 300 350 400 200 250 300 350 400 T0.60 F=0 75+0.08
Ko (MeV) Ko (MeV) Ko (MeV) 7 2-0.07
Au+Au E;;;»=0.4 GeV/nucleon
o4f - 1.00
(a) FoPI | (b) e 2
0.3t bg < 0.25 o ; ' ] : 0.95
_ U > 0.8 - E.. = 0.4 GeV/nucleon
<'0.2t : l | I l i 10.90
. a [ . l i ! i ' o °
S 0.25 < bg < 0.45 108 = +55.65
Vo K, = 226.65356% MeV
0.0 * * * * * : : * 10.80 W
04_(C) (d) « o ° m*/m =0 88+0.33
' 0.25<bp < 0.45 « o 3 . 3 ¢ e 0 ©9-0.33
L 0.4 L 8
03 “t2> < g ¢ ' : i ! A F=0 88+0.06
=02} P! ! I glf & 0 s ' ° 070 - Y-09-0.07
' [ ] ol (] ™
— 1 - ‘ ] [ ]
U2n |12ﬂ| |U22| o1l § i v o 8 O.:15<bo<0.55 0.65
U > 0.8
0.0 0.60

200 250 300 350 400 200 250 300 350 400
Ko (MeV) Ko (MeV) 34
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Bo-An LI, arXiv:2510.05508, 2025

Bayesian analysis constraints EoS & Phys. Rev. D 10, 103040 (2024): HFE
BA LI & WJ Xie, Phys. Rev. C, 111(5): 054602 (2025) EEMHIKEL

TREMER
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3 000210 -
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- b=3-6 fm, u,>0.8 DONE 1R, ,=11.9km, 0=0.1 km
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IV. Summary & Outlook

Incorporating physical information features in the input can significantly
reduce the MAE. So, Physical information plays a crucial role in
predicting using machine learning, which requires deeper nuclear
theoretical investigations.

& Machine learning + Bayesian analysis have become important tools for
constraining and understanding the nuclear EoS, bringing new
perspectives and breakthroughs to the research. However, there is still
some uncertainty regarding the constraints for K,,.

@& Machine learning and Bayesian analysis should be combined with more
sensitive observables and research fields, such as the properties of dense
nuclear matter under extreme conditions and the comprehensive analysis
of multi-messenger astronomical data, in order to promote the continuous
development of the research on the EoS.
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Thanks for listening!

And welcome to Huzhou!

Huzhou University  Qingfeng Li ligf@zjhu.edu.cn
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