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® And methods based on neural networks

and kernel methods




OFF-THE-SHELF ML METHODS WORK WELL IN
I MODERATELY HIGH-D WITH MODERATELY SPARSE DATA

= Curses of dimensionality ‘

=9 D=1
= Exponentially difficult to fill space: Ny, =p" 0.75

= Data are always sparse in multidimensional spaces (example: 0.5

P - : s :
10° points in 20D ~ 2 points/DOF, 107 ~ 2.2 points/DOF) 0.95

= Exponential growth of required no. of data and terms hold
for direct product type representations 1 2 3 4 5 6 7 8
(think a regular grid / Fourier expansion)

= ML method id them 1

| e o'savo ¢ | | f(x)—l_[(ZHGz) zexp<(xl 21) )
® What is local in low-d may be non-local in high-D: 20

1d: 68% of quadrature within o; 6d: 10% of quadrature

. . : . . Consequential for
= Possible blessings of dimensionality

n i ics:
Concentration of metrics: | dist (D) — dist (D)
lim E - —0
distyin (D )

D—- o

= Some ML methods work better in high than in low dimensionality (e.g. NN)

= But in very high-D or with very low density of data specialized ML
methods are desired




HOW HIGH-D MATERN KERNELS DIE:
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We used rectangulatized GPR/KRR to not
deal with dand to be able to use multi-¢
Mach Learn App/13, 100487 (2023)

= Matern type kernels lose the property of locality...

J. Chem. Phys. 158, 044111 (2023)




test set rmse, cm’! test set rmse, cm'?
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J. Chem. Phys., 158, 044111 (2023)



HOW HIGH-D KERNELS DIE: SPARSE DATA
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= ...and may degenerate into a low-order polynomial basis




HOW HIGH-D MATERN KERNELS DIE: SPARSE DATA
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= Higher D > lower data density - higher [, J. Chem. Phys., 160, 012201(2024)




FAILURE OR COLLAPSE OF GPR WITH MATERN KERNELS

. IN VERY HIGH-D

EXAMPLE FROM QUANTITATIVE FINANCE x—x'[2 D o \2
— _ _(*¥a—Xa
Yt + At) = £ (6),%5(0), .. xp (1)) P (‘ E ) i H"( ( z ) )
[=10,[=30, ,[ =100, [=500. Blue: target
o 3 X 1 04[ | | | . 8 A product of very
8 value of Nikkei225 one Weekf il many functions
O into the future with GPR fron_il each of value <1
g 9 {2346 descriptors (hormalized)
L Al I AT R LS
! o ' I :,«‘ F;._t;ﬁ
=5 y %, !
=z I 1 I I | e I |

GPR collapses unless /is so large it loses any

Phys. Chem. Chem. Phys. advantage over simple linear regression
25, 1546 (2023)



HIGH-DIMENSIONAL MODEL REPRESENTATION

. (HDMR) 15t order additive In some form dates back 100 years (ANOVA)
D Z— D HDMR is formalized in a series of
D. - o S papers by Rabitz s group at Princeton
x €RY; f(x) ~ fo+ Zfl(xl) + Z fiyCeoxp) + J Math Chem 41999, 25. 197 etc

i=1,
j=it+1 ! C (D) component ]
D functions at each 4
+ Z fisig,iq(Xigs Xiss ---»xid) + -

il,iz,...,id

Particular cases: physics — MBE, ...

Np Np Np Np Np

. computational sp-ectrc?scopy: N- E= Z E, + z z AE; + Z Z z AEx +

1 J>I I J>IK>]

mode approximation

D Comput Phys Commun 2009, 180, 2002

only hichest-d ~ - o _ J Phys Chem A 2020, 124, 7598
te,,,i;s. g fx) Z fivizsia Gt Xigy o2 %ig) Comput Phys Commun 2022, 271, 108220

Can consider

i1,iz) i

= Formalization of representation with lower-dimensional functions (many-body, N-mode)

Easier to build: component functions are lower-dimensional, could be built with fewer data w/out
overfitting (e.g. | Math Chen 61 (2023) 7)

= Fitting method can work in its comfort zone

Easier to use (integrals etc)

Provides elements of insight (see e.g. Comput Phys Commmun 2022, 271, 108220)




HDMR-ML.: A POWERFUL TOOL TO WORK WITH
SPARSE DATA  Review: Arifivial Tntelligence Chemistry 1, 100008 (2023)

f(x)~fo+Zfl<xl>+ meu %) + o+ z Frvsinta iy Xty 1 %1,)

[1,l2,ld
] l+1

freykeyoieq (Kieys Xieys woor Xiey) = f(X) — z NN i, ig (Xiy) Xiyy s Xiy)
(i1iy..ig}€T12..D)

Cycle through all functions ligiz.ig}#{kks . ks}
until convergence Comput Phys Commun 180 (2009) 2002
b Chem Rev 121 (2021) 10187 & refs therein

fklkz...kd(xk]_’xkz’ ""xkd) - f(x) _ z GPRlllzld(xll’xlz’ ""xid)
{i1ip..ig}€12..D}
J Phys Chem A 124 (2020) 7598 liiz-ig}#{kiks .3}

Comput Phys Commun 271 (2022) 108220 (with example of KED)

= Component functions are easier to build from fewer data: HDMR is helpful when data are
sparse, which they always are in high-D (full D-dimensional coupling terms may not be recoverable)

= Using ML for f; ;. i, simplifies greatly their calculation (avoids debilitating D — d

dimensional integrals which formally express f; i, i)




HDMR REPRESENTATION ACHIEVED VIA
) GPR KERNEL DESIGN

k(x,x') = 2 A;

!/
lllzldklllzld (xlllzld’ X lllzld)
{iqiy..igl€{12..0

M
_ (n)
Amplitudes of f(x) = z 1112 ig 2 i1ig..ig x1112 digr Xi )Cn

[1i3..1g
individual terms {iyiz...iq}€{12..D}

are unimportant
and can be omitted

Blllz ldﬁllz ld (xlllz ld)
{iqip..ig}€{12..D}

_ k
fklkz...kd(xklixkzl ---'xkd) = Kiliz...idc

In the simplest case k(x, x") = Y1, k; (x;, x;") 5 -1
b b C’ = Z Ki t
[0 =) fit)=| Y K |¢ =
i=1 i=1

K is a row vector with elements k; (xl, x(n))

Duvenaud et al. Adv Neural Inf Process Syst (2011) 226234 If the kernel is in HDMR
Manzhos et al. Machin Learn Sci Technol 2 (2022) 01LT02
Rassmussen GPR books also talks about additive kernels

form the final function
representation also is




USE OF HDMR TO GENERATE SYNTHETIC DATA TO HELP
. TUNE HYPERPARAMETERS Relative uncertainties of NN

parameters in an HDMR-NN
fit of H,O, PES (]. Chern.
fx) = fo+ Zfz (xi) + z fii(xi %) + Z Fivsigosia igs Xigy s X)) + Phys. 125 (2006) 084109)

1'111'21 vld
]—l+1 F
. FoI_F
Low-order terms can be reliably “u’
. ” ~
determined from few data F°1 F
o Ryy,=1000,R, =1000,rmse, . =137, mmse, =255 R,,=0.985,R,__=0.985 rmse, =236.3, rmse, =235.3
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. s 3
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= o
2 e g * Achievable quality of fit is limited by the
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e &
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exact ==
L Ryu,=1000,R, =1.000, rmse, =246 rmse, =35.1 gtaaslggz 909, Rt at= 0 911 rmsetraln_1344'1’ MSe,,q~1350.9 Rtﬁg&:g%ﬂs, R ™000,1man, ., =1345.3, rmas . =1360.9
& 7000 = T ® :
@« ~
i . C") S
3 8000 < X 35636 | E
< 2 3546.8702
g 00 oz‘Of ij 2 35634 | g
T 4000 P % «©
S I <
g a0 T 36632 Q354687
: g 3563 | g
4 1000 T 75628} 1o 35§6.8698
¢ =
& o & 35626 o
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exact i1 o 3546.8696
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& %
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J. Math. Chem., 61,7 (2023) 0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000 7000
exact exact




WITH SPARSE DATA ONLY LOW-ORDER TERMS ARE
.RECOVERABLE : EXAMPLE OF UF6 INTERATOMIC POTENTIAL

N 5000
vORs) = ) FR e, xP)
i=i °

x:15(= D) modes of vibration

Test set of
50,000 pts
1

rmse, cm-

Prediction
e w =

N 5,000 3,000 2,000

F
(422 754 1067 F°

Full-D (d=D) | 1
d=1 15 2346 2364 2373 F
d=2 105 168.1 178.6 190.3

d=3 455 656 780 (97.4)

Prediction
N (") B

= With 2000 points in 15D space
= 1.66 data per degree of freedom
= rmse(3&-HDMR-GPR) < RMSE(full-D GPR)

= A finite dataset in D-dimensional space 1s not

a D-dimensional object
J Phys Chem A 2020, 124, 7598




HOW TO DEAL WITH OVERFITTING AND NON-LINEAR
. OPTIMIZATION? - BEYOND TRADITIONAL NN

traditional NN: w; 4 define hyperplanes that are
optimized for given data, 6(x), and I\,

neurons

F() = ) cnn (W + by)

L A
ey
ol e T

We will instead define w;, 4 with rule and then optimize
G(x) for given data and N, .

* wdefine planes’ orientations — sample them

* ) define distance from origin — we will not need to deal

with them

= Avoid non-linear optimization
= No particular advantage using the same activation function for all neurons
it parameters are not optimized

= Can optimize neuron activation functions for a particular problem

® This makes sense if we can build cheaply... which we can




NN AS AN ADDITIVE MODEL IN REDUNDANT
. COORDINATES

The only extra cost vs standard GPR is
summation in the kernel (parallelizable)

(i —yi)?

N
k(y,y') = z ki yi)  ki(y,y)) = exp _2—lz>
i=1

A first order additive model in

N M redundant coordinates y
flx) = z c;o;(wix + b;) = bk(y,y™) = fi can be obtained from 1%
i=1 m=1 order HDMR-GPR in one go
N M N : »
(m) with an additive kernel... for
D bk (v 3™) = > £i0) e
i=1m=1 i=1

T Can reduce N by using different
Yn =X Sp (optimal) neuron activation

functions for different neurons

Elements of Sobol sequence
W; define “directions” of y; -
distribute them pseudorandomly

] Phys Chem A 127, 7823 (2023)

= Avoid nonlinear parameter optimization with rule-based NN weights

= With no nonlinear optimization, no advantage for all neuron activation functions to be
the same

= Without nonlinear parameter optimization... what happens to overfitting as the no.

of neurons is increased beyond optimum?




NN WITH OPTIMAL NN NEURONS BUILT WITH 15T ORDER
B DMR-GPR

i)

f) = Z GPR(y:(x))

08|

0.6

M train ™ test = 20 ol

7.06 : o
Cf range = 20,000 cm™ s e e e o o
| - 2 fa(x2) |

0.40 ; osl

[ 9861
04 |
3 0.2 o2l |
- ool SN
| oo 02 04 0& o8 10
i Xz
- 0.02 f3(x3) _
rn

HHHHHHHHHHNNNN E: /
N J Phys Chem A 121, 7823 (2023) g;-\

00 02 04 06 08 10
X3

rmse, cmt

* H,O PES, training on 1000 samples, large test set of 9000 samples

* no overfitting as no. of neurons grows due to absence of nonlinear optimization
* Combines expressive power of NN with robustness of linear regression

See Huixin Liu (XI|#E8%)'s poster for use of
GPR-NN for nuclear mass prediction
See |. Phys. Chem. Lett. 15, 6974 (2024) for use

in studies of neuromorphic computing




OTHER ADVANTAGES OF HMDR-GPR: HELPS IMPUTE

il MISSING DATA... ) = % 4y 4+ Z4nois

) = fo+ Zﬁ () =
0.8 e
o .
0.6 =
FiGI) = FOtw) = fo - Zf,(xm) .
o 0.4+ e
m 1,..m Jil S P
=i o) L
0ot | | | |
00 02 04 06 08 10
fx,y,z) =x+y + z Imputed_x1
f(x,y,z) = x + y + z with bad distribution
1.0 Lo
0.8
- 0.8
><IO 6 = " — 3500 I
Q - ><|0.6- 3000
E 0.4 ’ 4] o, 2500 I
= o7 2 04 5 2000 I
0.2 - [ 0 1500 |
oo o 0.21 UlDDO H
0.0 0.2 0.4 0.6 0.8 1.0 0.0+ | | : : SOOJ
Imputed_x 0.0 0-2 0.4 0.6 0.8 00 0z 01 s o8 10
Imputed_x1 Distribution of x1

Comput Phys Commun, 271, 108220 (2022)
Code: https://github.com/owen-ren0003/rshdmrgpr ... and helps find optimal hyperparameters

when data are sparse: | Math Chem 61,7 (2023)



https://github.com/owen-ren0003/rshdmrgpr
https://github.com/owen-ren0003/rshdmrgpr
https://github.com/owen-ren0003/rshdmrgpr

ML-TO-FORMULA: ML-GUIDED KEF CONSTRUCTION

. “insightful” ML
Kinetic energy in Orbital—free DFT See Digital Discovery 3, 1967 (2024),
J. Mater. Inform. 5, 38 (2025) for uses
Exin = j T(r)dr in materials informatics
x = (Trp, TrrD, TrrD %, TrrP G, Trrq? OVesr) -
N Adchtlvc? model, Coupling
T(x) = Z GPR;(;(x)) feature importance terms
i=1 D N
Euin = V7 20 = Y felH ) A0
i=1 i=D+1
Scaled gradient expansion (4% order)
Toga (1) Functional form
~ L5 20 8 ., 1
=trr(M| 1+ 5-p) + 5 () + 574" —5p()q(r)
8 32 ML-guided analytic KEF
*2a3P™ ) 6 Py
_ VP b - Z z 1D
PGy’ 17 4@re)espss t Anp (Xn
n=1p=1

Mach. Learn. Sci. Technol. 6, 035002 (2025)



GPR-NN WITH OPTIMIZED REDUNDANT COORDINATES
) COULD OBVIATE DEEP NN IN SOME APPLICATIONS

Cft. kernel regression f(x) = 1—1 cik (€ |x, x(l))

Approaches expressive

N M power of deep NN in
z 2 bmkl Vi yl(m) z () diadic approximation
i=1m=1
y=Wx
df, 1 d*f,
fn(yn(x)) fn(Yn(xo)) + (Wn d E Ax + E (Ax)T WnW,'I; P ;l Ax + -
In Yno In Yno

arX1v:2509.08457v1



EASE OF BUILDING AN ORDERS-OF-COUPLING (HDMR)

REPRESENTATION
0.5 0.5 0.5 0
0.75 0.25 0.75 0
0.25 0.75 0.25 0
0.375 0.375 0.625 0
0 0.5 0.5 0.5

0 0.75 0.25 0.75

0 0.25 0.75 0.25

0 0375 0375 0.625

0 0 0.5 0.5

0 0 0.75 0.25

0 0 0.25 0.75

0 0 0375 0.375

0 0.5 0 0.5

0 0.75 0 0.25

0 0.25 0 0.75

0 0.375 0 0.375

0.5 0 0 0.5
0.75 0 0 0.25
0.25 0 0 0.75
0.375 0 0 0.375

N N
0 f0 =) qowix+b) = ) fi(n)
0 i=1 i=1
0 — AT
0 yn =X Sn
0
0 D-dimensional vector with
0 * delements of d-dimensional
0 Sobol sequence
s D - d elements are zero

Order of Test rmse, | Test rmse,
coupling d cm! cm!
Ref. [44
6 1302.7 1315.6

15 385.5 410.0 ..
density is low,

20 20.4 29.1 full-D terms

15 14.6 16.1 may not be

6 16.5 14.4 recoverable

When data

1 19.6 23.8

Artificial Intelligence Chemristry, 1, 100013 (2023)



CONCLUSIONS

ML methods are useful in high-dimensional problems as they avoid direct product

representations, but when data density is very low or dimensionality 1s high, off-the-shelf

methods may fail

® Many non-linear parameters in NNs that also scale with D

® Data are always sparse in high-D and high-order coupling terms (full-D function) may not be
recoverable - Cannot be palliated by just adding more data

GPR/KRR are attractive as they combine high expressive power of nonlinear kernel and robustness

of linear regression

= (Can collapse in very high D

= Loss of kernel resolution / property of locality of Matern kernels, loss of advantage of multi-C
bases

= Loss of advantage vs low-order polynomial regression

One can stabilize the solution by using orders of coupling representations

" Low-order (low-d) terms are easier to build (fit) and to use

® Jtis convenient to use machine-learned component functions: HDMR-NN, HDMR-GPR

= Low-order HDMR helps impute missing data and optimize hyperparameters

It is possible to combine advantages of NN and GPR:

= GPRNN: NN in original feature space, additive GPR in redundant coordinates
= No nonlinear optimization
® The shapes of all neuron activation functions are gotten in one go from 1d-HDMR-GPR
= Optimal for given data, weights, and NN size
® Provides an easy way to build orders-of coupling representations
= With optimized redundant coordinates conceptually approaches expressive power of deep NN
We provided examples from computational chemistry but these approaches are
general
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RECAP OF SOME MAJOR MLL. METHODS:

NEURAL NETWORKS T

TR

welghts biases
N 5

fi() = ) 0y (Wnx + by)

n=0
Training set

{fV,x0},j=1,..,M; x€RP

e

Ofteno(x) = (e* —e ™) /(e* + e™¥)
but can be any smooth nonlinear function

:

Key works by Kolmogorov, Specher, Hornik, Gorban

® An analogy with a biologic neural network is often made

= As a mathematical object used for non-linear regression, a view of a representation in a
non-direct product basis 1s useful

= A single hidden layer NN is a universal approximator

® Think carefully if you actually need a “deep” NN as it comes at a price of a large no. of non-
linear parameters




4 ‘ Vl////; . \ ayer
D ORIAN
2 i ’ §‘4"‘:’l;/ \ X

. PROS AND CONS OF FFNN

Int J Quant Chem 2015, 115, 1012; Chem Rev 2021, 121, 10187

M d
(2) w Dy
o=exp( ): f(x =zw. l—Ie ik Xk
fe=zm] | fdx =y [ | [ dx ficedx,
J Chem Phys 2006, 125, 194105

nq J
2 2 1 1 .
Fo =u®+ > w® | [ erf (1, + wilie,x,)

k1=1 k0=1
Neural Computation 2001, 14, 241

Refs in black are literature

= A single hidden layer NN is a universal approximator V§ > 0,3N < oo
N
= Think .carefully if you actually need.a deep NN as it comes £(x) — Z e owx+b)| <6
at a price of a large no. of non-linear parameters .
n=

= Fasy to achieve sum-of-products

Universal approximator theorems do not

" Important for multidimensional integration .
consider the data aspect




GPR :
LLINEAR REGRESSION WITH A NONLINEAR BASIS

what is the expected value of fat x given the set {f ™, x(W}? Matrix K'can describe how
M

correlated is each pair of data points
f) = K*(K1f) = Z bk (2,
o n /

var(f(x)) = K™ — K*'K-'K*"

k(x(Z), x(l))
T / T T =

k(x®,xD) + 6 k(x®,x) (D, 200 tof

k=| k& W) | k(x®,x@) + 5 k(x<2>: x() n z:
ke (x®, x(D) . ke(x®), x(2) k(x(M),y;(M)) Iy sl
K* = (k(x, x(l)) k(x, x(Z)) - k(x, x(M)) K™ = k(x,x) _10l

Matern family of functions:

N, 2v Ix — x'1\" Ix — x .. .
k(x,x')=0 I \/21/# K, V2 Optimized [; informs on relevance
particular cases: exp, Gaussian of the 7-th variable (ARD, automated
https://en.wikipedia.org/wiki/Matern covariance ful tion h}’PefPafﬂmetefS relevance determination)
. 4 ) x — x'|?
= Robust (a type of linear regres§ion) but v = oo0: (RBF): o%exp T

= Hard to apply to large datasets 1 Ix — x|
" Defining eqs do not scale with D but can V==:0 Zexp (— —)
collapse in very high-D 2 l
(Phys Chem Chem Plys 25 (2023) 1540) Can be palliated with additive GPR (HDMR)



https://en.wikipedia.org/wiki/Matern_covariance_function

. HDMR AVOIDS COLLAPSE OF GPR IN VERY HIGH-D

kernel length parameters small enough to
preserve the nonlinear nature of the model [=0.1./=05 [=5,[=10. Blue: target

_><10“T

O 3 T T T T T T T T =

8 value of Nikkei225 one week
O into the future with GPR from
g 2 2346 descriptors (normalized)
ﬂ of) P

] 4
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2 O N )

Training: 2002-2011

Phys. Chem. Chem. Phys. 25, 1546 (2023)




HDMR ABLE TO RECOVER THE

VALUE OF NONLINEARITY

_ ; £y
f:(x;) in the example of N225 forecasting f(x*)_fl(x1)++f%(xD) ...........

compare to linear regression using a basis: f(x) = z c;0;(x;)

i=1
x107° x107° x107° |
A ol — i —— With
[=0.1 [=0.5 [=1 D = 2346
2| 2 even 20 order
terms (fl](xl,x]))
0 0 are hard
_2 ! _2 D
z Fivigiiq(Xips Xiys eer X))
.....4 . ___4 , U1,l2,.ld
O 2 N9 o N9 B N
%28 X28 X28

... preserving a higher expressive power of a nonlinear model




NN WITH OPTIMAL NN NEURONS BUILT WITH 15T ORDER
B DMR-GPR

25
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