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Machine learning in nuclear theory
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1. Inverse modeling and UQ Infer model parameters or physical information from data
• Bayesian parameter estimation 

• Bayesian model averaging/selection

2. Computational acceleration Replace or approximate expensive calculations
• Gaussian process
• Eigenvector continuation

3. Nuclear property prediction Predict unmeasured observables
• Mass
• Radius

4. Structure/mechanism discovery Identify latent physical patterns 
• Phase-transition 
• Clustering 

5. Model construction Learn or refine models/functionals
• Neural-network quantum state
• Symbolic machine learning

✦In this talk, I will focus on emulator+Bayesian inference



Emulator + Bayesian: an external accelerator for nuclear theory

• Traditional loop:  
Build theory → compute observables → compare with data  
→ refine model

 computationally costly, slow feedback.

• Emulator + Bayesian provides an external, plug-in-style 
acceleration:

 Emulators replace computational expensive model evaluations.

 Bayesian inference quantifies uncertainty and extracts physics from 
data.

 Together they accelerate theory-data iteration without changing 
the underlying physical model.
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Theory Experiment

Prediction & comparison

Update

Emulator+Bayesian

Accelerates&controls 
inferences
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Uncertainty quantification and Bayesian inference

•Statistical and systematic uncertainties. 

•UQ with Bayesian approach

•Tools: (Python package) 
Surmise (PCA+GP+MCMC) 
PyMultiNest (Nest sampling) 
Pymc 
…… 

https://surmise.readthedocs.io/en/latest/index.html
https://johannesbuchner.github.io/PyMultiNest/
https://www.pymc.io/welcome.html


Inverse problems in nuclear physics
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Uncertainty quantification 
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PRA editorial:

There is a broad class of papers where estimates of theoretical uncertainties can and should be 
made. Papers presenting the results of theoretical calculations are expected to include uncertainty 
estimates for the calculations whenever practicable,…

Phys. Rev. A 83, 040001 (2011)

✦ All models are wrong, but some are useful.

✦ The practical question is how wrong do they have to be to not be useful.

George E.P. Box:   Box and Draper, 1987 Empirical Model Building and Response Surfaces



Sources of uncertainty

• Statistical error

Uncertainty propagation:  

Numerical uncertainty ( e.g., Monte Carlo) 

✦ Systematic error from imperfect modeling.

Inter-model uncertainties and model dependence.

Could be estimated by compare different models.
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Data PredictionsParameters
Large statistical error:

Large systematic error:

Dobaczewski,  Nazarewicz and  Reinhard,  JPG41 (2014) 074001



Why Bayesian?

Frequentist vs Bayesian
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Bayes’ theorem

• Conditional  probability 

• Product rule: 

                                       

                                        

  

• Bayes’ rule (discrete case):

• Bayes’ rule (continuous case):

P(A ∣ B) : probability of event A occurring, given event B 

P(A, B) = P(A ∣ B)P(B) = P(B ∣ A)P(A)

P(A ∣ B) =
P(B ∣ A)P(A)

P(B)
, P(B) = P(B ∣ A)P(A) + P (B ∣ A) P (A)

P(Ai ∣ B) =
P(B ∣ Ai)P(Ai)

∑i P(B ∣ Ai)P(Ai)

p(A ∣ B) =
p(B ∣ A)p(A)

∫ p(B ∣ A)p(A)dA
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Thomas Bayes 
(1702-1761)



1. Prior  : knowledge or assumptions about the parameters before seeing data.

Usually Uniform or Gaussian with large width

2. Likelihood function  : probability of observed data  given parameters

Usually Gaussian:  

3. Apply Bayes’ rule:

 

Posterior  Prior  Likelihood

Posterior : probability distribution of parameters given observed data

Evidence :

4. Make prediction for observable : 

                                                  

π(θ)

L(y |θ) y

∝ exp(−χ2/2), with   χ2 = ∑
i

(yi − yth
i )2/σ2

i

p(θ |y) =
L(y |θ)π(θ)

p(y)
∝ L(y |θ)π(θ)

∝ ×

p(θ |y)

p(y) = ∫ L(y |θ)π(θ)dθ

O
p(O |y) = ∫ L(O |θ)p(θ |y)dθ

Bayesian parameter estimation
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Technique difficulties
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p(θ ∣ y) =
p(y ∣ θ)p(θ)

∫ p(y ∣ θ)p(θ)dθ

Difficulties Solutions

Non-analytical 

High-dimensional  
(many-parameters)

Slow model 

Variational inference 

Markov Chain Monte Carlo (MCMC) 

Emulators (GP, EC, …)



Metropolis-Hastings Algorithm
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Random-walk Metropolis-Hastings

Interactive MCMC Sampling Visualizer by Chi Feng

https://chi-feng.github.io/mcmc-demo
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https://chi-feng.github.io/mcmc-demo


Uncertainty quantification & correlation analysis

• 边缘分布（marginal distribution）

• 可信区间（credible interval）

• 平均值 （mean value） 

• 中位数（median value）

• 最大后验(MAP)估计

p (θi ∣ y) =
∫ p(θ ∣ y)d∏j≠i θj

∫ p(θ ∣ y)d∏j θj

⟨θi⟩ = ∫ θip (θi ∣ y) dθ

P (θi < U) = 0.5
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联合分布（joint distribution）

协方差(covariance) 

       相关系数（correlation coeffecient） 

p [(θi, θj) |y] =
∫ p(θ ∣ y)d∏k≠i,j θk

∫ p(θ ∣ y)d∏k θk

Cov (θi, θj) = ∫ (θi − ⟨θi⟩) (θj − ⟨θj⟩) p [(θi, θj) ∣ y] dθidθj

R =
Cov (θi, θj)

σiσj



Inter-model uncertainty
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Which model should we trust?

Determine a weighting factor  for each model.

• Model selection: identify the best model(s) with the largest 

• Model averaging: averaging model predictions by 

 

How to determine ?

ωi

ωi

𝒪MA =
∑i 𝒪iωi

∑i ωi

ωi

Burnham & Anderson, Model Selection and Multimodel 
Inference: A Practical InformationTheoretic Approach

Udo von Toussaint, Rev. Mod. Phys. 83, 943 (2011)



Bayesian evidence

✦ posterior predictive distribution:  

• Model calibration and evaluation use different data sets.

• Select  that are closely related to the target observables.

• Posterior from calibration → Prior for evaluation/prediction.

Zpseu
i ≡ ∫ L (yev ∣ θ, Mi) p (θ ∣ y, Mi) dθ

yev
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π(θ) =
1

Δθprior
L(y |M, θ)

{

Δθlike

Maximum likelihood No. of parameter, 
model complexity 

Udo von Toussaint, Rev. Mod. Phys. 83, 943 (2011)

✦ Evidence  (a larger evidence indicates a better model)

Z ≡ p(y ∣ M) = ∫ dθL(y |M, θ)π(θ |M)

≈ L (y ∣ M, θML) (Δθlike/Δθprior)
Nθ
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Neufcourt et al., PRL 122, 062502 (2019)

Neufcourt et al., PRC 101, 014319 (2020)

Kejzlar et al., JPG 47, 094001 (2020)

Cirigliano et al., JPG 49, 120502 (2022) 



Bayesian model averaging

✦ Model prior : 
our preference on  before seeing the data.

✦ Model likelihood: 
(pseudo-)evidence  ( )

✦ Model posterior: 

 

✦

✦ Model averaging for observable : 

π(Mi)
Mi

Zi = p(y |Mi) Zpseu
i = p(yev |y, Mi)

p(Mi |y) =
p(y |Mi)π(Mi)

∑j p(y |Mj)π(Mj)

p(Mi |yev) =
p(yev |y, Mi)π(Mi)

∑j p(yev |y, Mj)π(Mj)

𝒪
p(𝒪 |y) = ∑

i

p(𝒪 |y, Mi)p(Mi |y)

18 V. Cirigliano et al, J. Phys. G 49, 120502 (2022)



Bayesian model averaging
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BMA for nuclear symmetry energy
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Δμ*pn =
1
4

[B(N, Z + 2) − B(N, Z − 2) − B(N + 2,Z) + B(N − 2,Z)]

M. Qiu, B.-J. Cai, L.-W. Chen, C.X. Yuan and ZZ, PLB 849, 138435 (2024)



Bayesian model selection
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✦ Bayes’ factor :  
 

B12 =
Z1

Z2



Nested sampling
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Ashton et al., Nat Rev Methods Primers 2, 39 (2022)
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Surrogate Emulators

• Gaussian process (GP) 

•  Reduced basis method (RBM) 

• Parametric Matrix Model (PMM)



Emulator
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T. Duguet, et al., Rev. Mod. Phys. 96, 031002 (2024)



Gaussian process
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The Gaussian Processes Web Site 
http://www.gaussianprocess.org



Gaussian process emulator
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1. How to determine the hyper  parameters? 
2. How to choose training data? 
3. How to treat multiple observables?



Hyper-parameters in GP 
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How to choose training points

• Latin Hypercube sampling 

• Greedy approach

29

C. E. Rasmussen & C. K. I. Williams, 

Gaussian Processes for Machine Learning, the MIT Press, 2006,



Principal component analysis (PCA)

• How to treat multiple observables?
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PCA procedure
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PCA
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PCA example
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PCA+GP
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Example:  Bayesian analysis of light-nuclei production in HICs
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• 30 parameter sets from Latin Hypercube Sampling 

• Emulator: Principal component analysis + Gaussian 
process  

• Metropolis-Hastings (MH) algorithm for MCMC

Model: LBUU transport model 

Parameters:  f cut
A=2,3,4

Data: d, t, h,  yields in Au+Au central 
collisions at energies of 0.25 - 0.6A GeV.

α

⟨fN⟩i
( ⃗P ) ≡ ∫ f tot

N (
⃗P

Ai
+ ⃗p) ϕi( ⃗p)

2
d ⃗p ⩽ f cut

A=Ai

R. Wang, ZZ, L.-W. Chen & Y.-G. Ma, Front. Phys. 8:330 (2020)
R. Wang et al., PRC108, L031601 (2023) 



✦ Unexpectedly abundant α clustering in hot  and dense nuclear matter.
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R. Wang, ZZ, et al., arXiv:2507.16613



Reduced basis method (RBM)
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高维( ) 问题 

• 3D finite difference 

Nh

H(θ) |ψ⟩ = E |ψ⟩

nh ∼ 1003

Off-line 阶段

对 个参数 严格求解得
到 (snapshots)

nb θi
ψi

降维 ( )

正交化 得到低维基矢

 投影

可用PCA 进一步降维

EC 通常不做正交化

Nh ⟶ Nb

ψi
V = ϕ1, ϕ2, ⋯, ϕnb

HNh×Nh
→ H̃nb×nb

Online阶段
在 或 为基矢的子空
间中求解

 
用 近似
对于 , 为单位矩阵
For  

ϕi ψi

H̃(θ) ⃗β = Ẽ(θ)Ñ ⃗β
Ẽ E

ϕi Ñ
ψi

Ñij = ⟨ψi |ψj⟩

C. Drescher et al., Front. Phys. 10,1092931 (2022)

Eigenvector continuation (EC) approaches are a subset 
of RBMs.

D. Frame  et al., Phys. Rev. Lett. 121, 032501 (2019).

T. Duguet et al., Rev. Mod. Phys. 96, 031002 (2024)



How to choose the snapshots?
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J. M. Maldonado PRC 112, 024002 (2025)

1. 利用LHC方法在参数空间
抽样得到  组参数 .


2. 利用参数  求解得到 .


3.奇异值分解(SVD)，并按
奇异值截断，得到
个Emualtor basis.

nd θi

θi ψi

nb ≤ nd

1. 利用LHC方法在参数空间抽
样得到  组参数 .


2. 利用参数  求解得到 .


3. 选择起始点构建emulator 


4.for  =1, 2, …  
   计算emulator在  处误差  
   加入误差最大点( ) 
   构建 个基矢的emulator

nd θi

θi ψi

nb
θi
nb = nb + 1

nb



Applications of RBM

• No-core shell-model  
Konig, S., et al., Phys. Lett. B 810, 135814 (2020). 
Wesolowski, S., et al., Phys. Rev. C 104, 064001(2021). 
Djarv, T., et al, Phys. Rev. C 105, 014005 (2022).

• Coupled cluster
Ekstrom, A., and G. Hagen, Phys. Rev. Lett. 123, 252501 (2019).
Hu, B., et al., Nat. Phys. 18, 1196–1200 (2022).
Jiang, W. G., et al, Phys. Rev. C 109, 064314 (2024).

• Quantum Monte Carlo   
Frame, D. et al. Phys. Rev. Lett. 121, 032501 (2018) 
Sarkar, A et al. Phys. Rev. Lett. 131, 242503 (2023)

• Phenomenological shell model 
Yoshida, S., and N. Shimizu, Prog. Theor. Exp. Phys. 053D02 (2022) 
O. C. Gorton & K. Kravvaris, Phys.Rev.C 112 (2025) 1, 014302
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•Energy density functional  
  P. Giuliani et al., Front. Phys. 10:1054524. 
  X. Zhang et al., Phys.Rev.C 112 (2025) 2, L021302

•Quantum scattering
Furnstahl, R. J, et al, Phys. Lett. B 809, 135719 (2020).
Drischler, C, Phys. Lett. B 823, 136777 (2021)
Garcia, A. J, Phys. Rev. C 107, 054001 (2023)
J. Liu, J. Lei & Z. Ren, Phys. Lett. B 858 (2024) 139070
K. Hagino et al., Phys.Rev.C 112 (2025) 2, 024618 

•Resonances
   Yapa, N et al, Phys. Rev. C 107, 064316 (2023). 
   Yapa, N., and S. Konig, Phys. Rev. C 106, 014309 (2022).

……
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GP vs RBM

• Data-driven

易用、通用

• 预测带误差
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Gaussian process Reduced Basis method

• Model-driven

需要根据具体问题/模型构建

• 精度高

误差随 指数衰减

• 外推能力强

nb
A. Sarkar & D. Lee, PRL 126, 032501 (2021)



Parametric matrix model (PMM)
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P. Cook, D. Jammooa, M. Hjorth-Jensen, D.D. Lee, D. Lee, Parametric matrix models, arXiv:2401.11694

✦PMM is a universal function approximator



Applications of PMM
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R. Somasundaram et al., Phys. Lett. B 866 (2025) 139558

AFDMC calculations for Deuteron

emulator errors of only ≈ 0.1%   
speed-up factors of ≈ 107
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L. Jin et al. arXiv:2510.13989PMM for linear response



Summary

Emulator+Bayesian inference form a fast, external, and uncertainty-aware accelerator 

for modern nuclear theory.
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Other approaches besides emulator？ 
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